A — BASES AND A — NUCLEARITY 


A Thesis Submitted 

in Partial Fulfilment of the Requirements 
for the Degree of 
DOCTOR OF PHILOSOPHY 


By 

MOHD. AMIN SOFI 


to the 

DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY, KANPUR 

MARCH, 1981 



To 

My Parents 



Jli 


fj.i. KAi^mn 
^ihA i mRjmt 

^ A 


I i t982 


mftTH- (^81- D - Sofi- 



P/L. P,K. Kamthan, 

M,Sc. ^ Ph.»P»» 

Vfwiu&o^ oi UcvthmvtLa> ,J' 
Indian In&tUatd oi Tzch^logy, 
KanpuA- 2080 J 6 llndca.} ■’ 


/ 

Kanpu/i 



CEPTIFICATE 


27tis is to oerbify thxt vesearoh erribod' * 

the present dissertation entitled "X-Bases and X Btao 

by Mr. Mohd. Min Sofi, a Ph.D. scholar of P'his Department, 

n ■f-'hrrf it has not 

has been carried out under my supervis^n ana vna 
been submitted elsewhere for any degree or 


April - 1981 





( p.K. Kamthan ) 




1^ UK trf the i ^ 

wit3^ 

in accordi»ct; 

'f:T 


A CKNOWLELGEMEM’S 


I taku oppofttixyuXy to exp/ta&A mj cid^.pC'it ■6&.n&<i ol gMtiiud^ 

to my tuxche.^ and ^upeAv-tiox, Pnof, P.K, Kamthan loft ^uggeAiing ^ddh 
i object and io^ hU conUnuous tnteAeAt, InvaluabU advice and con^l^acltve 
cAlUctsm tMoughout the. cou^e oi tlruA> mnk, iiU> wltUngmii to dUcu^^ 
th& mato/Ual at e.ve/u/ ita.gz dupitz hl& buAy 6chzdul& and hU ability to 
pA-ovIde znc.oun.agzmmt tn mom&ntd o^ doubt, ha6 gonz a iong uiajj bi tki 
6 uccz66^u£. comptetcon tklii thzA-U* 

1 (joi&h to zxpfiz6i my itncdAZ thanks to Professor P.X. Kmtkm^ and 
Dr. mnful Gupta o^ tfUs Vzpantm&nt iofi tkz stimulating seniMAS on 
^unctlonaZ amZiy&ts kzld andzfi tkzbi IzadonMkip duAing I979-W. I iuJitheA 
wish to zxpAZSS my voaKmUt thanks to Dr. Mznjul Gupta ioA ha miab 
commznts, Zjjjctd suggzstions and zncounaging Azmanks at vanioos staga oi 
this WoAk. 

To my {yilznds Uzsszu kmoK, Chztty, Vos, VzhtAi, Ukaq and ^eMJ> 

1 mz my tndzbtzdnzss ^oa thoji asslstanzz In szvaud mays duwig tkz 
completion stagz oi this tkzsls. I am paAtlculaJily g-vUzid to Dr. 

Khan voho shaAzd a lot oi my bundm idUlz I was busy in zowpiMm tkiA thzsxs. 
Hy thanks oAZ also duz to my colZzagm Mr. John Patterson vkosz coirp'^’d 
thAough aU thzsz yzoAS pAovlded an atmoSphzAZ congenial {oa coMyim ^ 
this WOAk. 

yiy iwAd oi thanks also goes to mseers S.K. Temri ad G.L, Mi'Sra 
ioA tMUi skUL^ typlys and to A.N. Upadhya ioA his cmLiul cydostyUng 

tkz tkzsls . 



kpAii - mi 


Mo fcd, Amin Soii 



COMTEf/TS 


Page 


CEAPIEB 0 ; PPELIMPlASrES 


1 : Intro dilation 

2 : locally Oonvox Spaces 

S : Sequence Spaces 

4 : Sohauder Bases And Appro xirrat ion 

Property 

5 : Nuclear Spaces 

6 : Miscellaneous 


CHAPTER 1 


1 

2 

3 

4 


1 

2 

3 

CHAPTER 2 

1 

2 

3 

CHAPTER 3 

1 

2 

3 


HISTORY AND MOTIVATION 
Part I 

Nuclear Spaces And Nuclear Operators 

Development of Nuclear Spaces 
Schauder Bases And Nuclear Spaces 
Order Structure And Nuclear Spaces 
Nuclear Operators 

Part II 

Generalizations Of Nuclear Spaces 

Development Of 1-Nualearity 
"k-Nvclearity And \-Bases 
Ideals Of Operators 

\-NVCIEAR OPERATORS AND SPACES 

Introduction 
\-Nuclearity 
h-(Ps ^)-Nuclearity 

X-NUCINARITY OF CONCRETE SPACES 


Introduction 

'k-(P^;^)^Nuclearity Of l&the Spaces 
Spaces Of Linear Operators 


1 

1 

8 

12 

16 

17 


23 

27 

31 

32 


35 

39 

41 


46 

47 
54 


66 

67 

75 



cnd m 


: \~BASES IN LOCALLY CONVEY SPACES 


CHjIPTER 4 


Introduotion 

X~Bases 80 

3 : Impaot Of X-Bases 87 

4 : ClhapoGtern^sat-Lon Of Q- fully X-Baaes 93 

CEjIPTER S : X-BASES AND X-NUCLEAPITY 

1 : Introdustion 109 

2 : N(P}-Ba3ea And k(P)j-NuGleaT Spaces 109 

3 : Schaudec Bases In K(P4<^} -Nuclear Spaces 114 



CHAPTER 0 


PRELIMHARIES 


1. Introduction : The material incorporated in this chapter 

is essentially meant to serve as a ready reference to the 
prerequisites of the work embodied in this dissertation. We 
present here a brief sketch of the concepts and results from 
the theory of (i) locally convex spaces, (if) sequence spaces, 
(iii) Schauder bases, (iv) nuclear spaces and (v) several 
other miscellaneous notions and results that have been used in 
the sequel. All the results in this chapter are stated without 
proofs and can be found in any of the standard texts or mono- 
graphs and research papers or theses? for instance one may 
look into [145 3, [1583, ["5911, C 65], C 8911, 

[[ill] and [[iSS] for further details. In the course of 

our work, we will use the following notation; 

IS = { 1,2,3 , } . ■ 

lEt = Eield of real numbers, 

(T = Eield of complex numbers, 

3K = Scalar field 3R or £ , 
ii+= [p,~), 

2. Locally Qonyex Spaces ; In all that follows 

denote Hausdorff locally convex spaces (abbreviated hereafter 
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as l.c* TVS) over the field IK , Occasionally we shall also 
write X [[resp. Y,,. 3 as (Tj^) ^resp* (Y,^ )j**Q 
whenever we wish to attach importance to the locally convex 
topology ‘j!: [3 rosp ?•••] associated with X j^resp. Y,..r]. 
Also, the symbols and H with or without suffix 

will stand respectively for normed spaces or a Hilbert space. 

The symbol will stand for the collection of all continuous 
seminorms on X, generating the topology ^ of X. We denote 
by a fundamental neighbourhood system at the origin 
consisting of barrels in X* A fundamental family of absolutely 


convex bounded sets in X will be denoted by B . In order 
to emphasize "tile topology J or the space X involved, we 
shall find it convenient to denote these symbols by (or 
(or U^) and (or li^e members of U will be 

denoted by u,v,..., while the members of V will be designated 


siJid those of 8 by A,B,... 


Also for 


u e U , Pjj^ will stand for the Minkowshi functional on X, 
relative to u. The topological dual of an l.c* TVS X will be 
designated by X*. The symbol P(3H ) will stand for the set 
of all permutations on 3K . 


for l.c. TVS X and Y, we will use the symbol 1, (X,Y) 
for the space of all continuous linear operators from X into 
Y, If X = Y, we write 1(X) for i.(X,Y). f(X,Y) will 
stand for the class of all finite-dimensional operators 
T S L(X,Y) (i.e., dim T(X) < °°) while F (X,Y) will designate 

XI 
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the suhspace of f(X,Y) consisting of operators f e l(X,Y) 
with dim T(X} < n. Also, we write F(X,X) = F(X) and 
F^(X,X) = F^(X). 

Ihe proof of the following theorem due to Auerbach can 
be found in [1 89 ^ » P» 136. 

Theorem 0,2.1 : Each mapping T G F(E,P) with dim T(E) = n, 

can be represented in the form 

n 

T(x) = S X. <x,f.> y- 
i=l ^ ^ ^ 

with f^ e B*, y^ e I', j lf 3 _l 1 < i, 1 \y^\\ < i, i < i < n 
so that the tnec[Uality 

I'iiiibii ■ 

holds for each i, 1 _< i £ n. 

Duality ; A pair of vector spaces X and Y over the same 
field IK is said to be in duality provided there exists a 
bilinear form BiX x Y - IK , which separates points of both 
X and Y, i.e,, for each x 6 X [resp , Y^] there exists 
y G Y 13 resp , XQ such that B(x,y) ^ 0. Bor each y G Y, 
the function q : X -* IR^, q„(x) = |B(x,y)|, x G X, defines 
a semi -norm on X. The topology a(x,Y) on X generated 
by the collection { y G Y} of these seminorms on X is 
called the weak topology defined by the dual pair <X,Y>. 

The weah topology 0 (y,X) on Y is likewise defined. 
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GiTen a collection S of a(y ,X)-'bounded subsets of Y, 
the s- top ol o^y on X (or the topology of uniform convergence 
on sets ^ S ) is defined to be the locally convex topology 
generated by the collection 8 S } of seminorms p^ on 

X, where 

p,(x) = sup |B(x,y)|, X e X. 
yGA 

If S consists of all a (Y,X)-bounded [^resp. balanced, 
convex o ( Y,X)-compact ^ subsets of Y, the corresponding 
S -topology on X, denoted by p(X,Y) resp • t (X,Y} 3 is called 
the strong topology [[ resp . Mackey topology 1 on X. In a 
similar fashion, the strong * topology p*(X,Y) on X is the 
S -topology generated by all § (Y,X)-bounded subsets of Y. 

On the other hand, if X and Y are l.c, TVS over IK 
and s is some collection of bounded sets in X, one can define 
an S -topology on L(X,Y) which is generated by the collection 
{p^ e S , u G Uy} oi seminorms on i(X,Y) where 

Ba ^ S i(X,Y). 

xGA 

L (X,Y) endowed with an S-topology will be denoted by 

(X,Y)# The S-topology obtained by taking s to be the 
collection of all bounded (resp. precompact} subsets of X and 
denoted by {3(resp. c), is called the strong topology (resp* 
topology of pre comp act convergence ) on l(X,Y}. It is readily 
seen that for each l.c. TVS X, one has Lg(X,lC ) > (X*,p (X*,X) ) . 
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Por aji l.c. TVS X,the pair <X,X*> forms a dual system 
Tia the cahonical bilinear form: <x,f> = f(x), x 6 X, f 8 X*. 

Thus X (;3nd X*) can be equipped with several polar topologies 
resulting from the dual pair <X,X*>. We are now in a position 
to state the following definitions: 

Definition . 0,2.2 : An l.c. TVS (X,*^') is said to be 

(i) barrelled if '3^ = p(X,X*); (ii) bornological if '3' = ■'^(X,X*) 

and each bounded linear functional on X is continuous; 

(iii) infrabarrelled if "3 = p*(X,X*); (iv) M ackey if 

3= T^(X,X*); (v) s emigre f lexive (resp. reflexive ) if 

J:X - X** is surjective (resp. a topological isomorphism) 

where [lJ(x)[](f) = f(x), x 8 X, f 8 X* and X**=(X**,p (X**,X*)); 

(vi) S~ space if (X*, a(X*,X)J is sequentially coirplete; and 

(vii) dual metric if X has a fundamental sequence of bounded 
sets and that every j3(X*,X)-bounded sequence in X* is 

e quiconrinuous • 

We recall the following result from [^45^ • 

Theorem 0,2,3 (Banach-Steinhaus theorem) : let X be a 

barrelled space and Y an l.c. TVS, Suppose ^ ^(X,Y) 

such that T(x) = lim 13 x) exists for each x 8 X, Then 

n 

T is continuous. 

Definition 0.2,4 : Bor a dual pair <X,Y>» a locally convex 
topology 3 on X is said to be compatible with the dual 
pair <X,Y> if (X,3)*=I. 
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The following results on conpatihle topologies can he 
found in [[45 3 

Theorem 0,2.5 (Mackey-Arens) : A locally convex topology"^ 
on X is compatible with the duality <X,T> if and only if 
a(X,Y} c '■J c;t(X,Y). 

Theorem 0,2.6 ; For a dual pair <X,Y>, all compatible 
topologies on X have the same bounded sets. 

We also recall the following characterisation of 
finite dimensional topological vector spaces (cf, [[45 3 j 
p , 147 ) : 

Theorem 0,2,7 : A Hausdorff TVS X is finite dimensional 

if and only if it has a pre compact neighbourhood at the 
origin, 

Yor l.c, TVS X and Y, each T G l(X,Y} determines 
a linear map T*: Y* -* X* called the adjoint of T, which 
is defiaaed by the equation 

(T*f)(x} = f(T(x)), X e X, f e Y*. 

We end up this section with the following result on the 
adjoint of a map; 

Proposition 0,2.8 : Let (X, and (Y, '^) be l.c, TVS, 

If T;X - Y is continuous then it is 0 (X,X*)- 

a(Y,Y*)-continuous, In this case T*sY* - X* exists and 
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is 0 (Y*,Y)- ct (X*,X)-contiiiuou.s. Comrersely, if T- is 
(X,X*)-a( Y,Y*) continuous, then it is t CX,X*)- t(Y,Y*) 
continuous. 

The normed spaces associated with a locally convex space ; 

For an l,c. TVS X and u e we denote by X^^ the 

completion of the normed space X^^ obtained by taking the 
quotient of X relative to ker p^^-the norm on X^^ being 
given by the function p (x ) = p,,(x), x = x + ker p , x G X. 

If u,v G l/jr with V < u (u absorbs v), we obtain a canonical 
continuous map where x^ G X^. 

Also the canonical continuous surjection X — X^ is denoted 
by with '^>^(x} = x^^, x G X. The symbols and 

will respectively stand for the unique continuous extensions 
of and to the spaces X^ and X^^. One obviously 

has o ^ , On the other hand, the normed space X. 

associated with AG Bj- is the subspace of X spanned by A, 
which can be normed through the function | |x| |^ = P_^(x) = 
inf {X>0:xG XA},xG X^. kor A»B 0 with A < B, 

one has the natural continuous injections i^^^^X^ X and 
^AB* ^A By ij_(x) = x and i^(x} = x, x G X^, 

respectively. We have i^ = ^ proof of the 

following theorem on the dual of X^^ can be found in [] 89 3 • 

Proposition 0.2.9 ; Por u e the topological dual of 

(X , p } can be identified with the Banach space (X*(u® } , 1 1 , j | ) 

u u u 
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under the map t|)iX*(u°) -* (X^^)* where [I (a) ]] = <x,a>, 

X, = X + her p , a G X*(u°), 

Sequence Sp aces : For the notions and results of this 

section we follow (see also ^653)* We assume 

throughout that u will stand for the vector space of all 

scalar- valued sequences. By a sequence space we mean a 

H n 

suhspace x of o) such that sp {e jn^ where e 

denotes the nth unit vector {0,0,,. .,0,1,0,,,, } , 1 being 
placed at the nth co-ordinate. ihe symbols x^ and 
will respectively stand for the Kothe (or a-) resp . 
dual of the sequence space X s 

x’^ = { X e 0 ) : 2 1 X. y. 1 < “, ¥ y e x- } ; 

‘ i 1 

X^ = { X G (D : E x-y. converges, ¥ y G X}. 
i>l ^ ^ 

X 

Also we find it convenient to introduce the symbol X for 

"r 

the set { X G i x^ 0, ¥ n > 1 } , For x,y G X, the 
notation x <_ y will be used to mean that jx^j < jy^| for 
each n >_ 1. Also, x << y will be used when one has 

hni < iyni >“11- 

X 

It is easily seen that the vector spaces X and x 

(resp, X and x*^ ) can be put into duality via the (canonical) 

bilinear form <x,y> -* S x.y^j x G X , y 6 X^ (resp, X^). 

i>l ^ ^ 

Ihus oi» can equip a sequence space X with several polar 
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topologies resulting from the dual pair <x,x^> or < x, x^>. 

In addition to these polar topologies, there is a natural 

topology, namely the normal topology ti(X,X^ ) on X which is 

generated by the collection { p | y G X^ } of seminorms p 

«y O' 

on X , where 

p (x) = 2 lx.y.j, X e X . 

y i>l ^ ^ 

In fact, this topology is only a special, case of what is 
called a normal topology on a sequence space X • Following 
Rosier [^lOS^Ccf. also De Grande-De Kimpe [ISE]])? we say 
that a locally convex topology on a (normal) sequence space 
^ provided it has a fundamental neighbourhood 

system at the origin consisting of normal sets. In particular, 
if -S is a normal topologizing family [^i,e. H G -S ==> 
normal hull R G S J for X consisting of a saturated family 
of o ( X^,X ) -bounded subsets of x’' which covers x’* , then the 
corresponding S -topology on X is a normal topology. If 

X 

5 is taken to consist of normal hulls of singletons in X , 
we get the natural topology n(X,x’‘). 

Further, a sequence space X is said to be perfect 
if \=\^^ j also X is called normal (resp . monotone) if 
X c X (resp. m^ X c: x » being the sequence space 
generated by the set of zeroes and ones). 

We recall the following results from the theory of 
sequence spaces (cf, P « f 82, 136), 
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X 

Proposition 0*3,1 ; Seq,uentiaX convergence in (x,a(x,x )) 
is the sane as in ( ^,ti(x , x’') ) , 

P roposition 0,3,2 : ^ is perfect if and. only if (x»cr(x,X^)) 

is segaentiaLly complete. 

Proposition 0,3,3 ; Phe topology n(x,x’‘) is compatible with 
the dual pair <x,x’'>. 

In our subsecLuent work, we confine mainly to the 
following type of sequence spaces. Indeed, let P be an 
arbitrary subset of such that (i) each x 0 P is positive, 

(ii) for each n e IN , there exists x G P with x^ > 0, and 

(iii) for x,y G P, there exists z G P with x < z, j < z. 
Such a set P is called a power set (or a Kothe set ) and 
the sequence space 

A(P) = {x G oj : p (x) = Z |x. y. 1 < °°, ¥ y G P> , 

^ i>l ^ ^ 

is called a Kothe space generated by P, If the topology on 
A(P) is not emphasized, it will be assumed without further 
reference that a(P) is endowed with its natural topology 
generated by the family {p.^: y G P} of seminorms. 
Throughout, a Kothe set will be denoted by P^, P^, Pg,,.. • 

We also recall that A(P) is complete relative to its topology 

A Kothe space A(p) is said to be a G..- space or a 
smooth sequence space of infinite type (resp, a G^- space or a 
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smooth sequence space of finite type ) provided P satisfies 
the following (additional) conditions: 

(iv) Por each x G Pj 0 < < x^^^ £. • • • 

( resp • 0 ^ ^n+l ™ — • • • ) • 

(v) Por each x G P, there exists y G P such that 

^n 1 ^n "^nl ^n^* n > 1. 

In this case we say briefly that P is a G^-(resp* &£■) Kothe set . 

Let now ^ : IR^ -* be a continuous function which is 
also (i) sub additive , i.e,, <j>(x+y) <, <i)(x) + <j>(y), x,y G IR"^ , 

(ii) monotone , i.e., i{)(x) < (^(y) for x,y G IR'*' with x < y and 
satisfies (iii) 4>(0) = 0. Corresponding to such a function 4> , 
we define the sequence space by 

il. = { X G cd : E 4)(|x I ) < °°} . 

^ n>l 

The sequence space A(P^<t>) associated with 4) and a power set ■ 

P is defined by 

A(P|<}>) = ’{xG u: 2 4)(|x [)a <°°, ¥aGP} . 

n>l 

A numerical sequence ~ *^2 — * * * — ^n ~ * * * 

called an exp onent sequence if lim a = °° , It can be 

n ->■ oo 

a 

easily verified that the sets P^ = {{ B. }: E > 0} and 

- 

Pg = {{ R } : H < 1 } of sequences are Kothe sets of infinite 

•• 

and finite type, respectively* The Kothe space A(p^) 
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associated with is called a power series sp ace of infinite 

type and is denoted by A^(a)« Similarly A^Ca) denotes the 
Kothe space generated by P^, and is called a power 

series space of finite type . For = log n, the space 
A 00 (a) yields the Prechet space of rap idly decreasing sequences 
to be denoted hereafter by s, while for = n, we get the 
space of entire functions* 

Definition 0*3,4 : A Kothe space A(p) is said to be stable 
if A(p) X A(p) s A(P). 

Propositi on 0,3*5 ([[32]]> C II ^ ^ is 

stable if and only if for each a G P, there exists b G P 
S'Qn 

with sup r — < 0 °. For power series spaces Kjicc) (and A. (a)) 
n>l ^n 

of infinite (and finite) type, this condition is eq.uivalent 

(Xpn 

to sup -- — < 00 , 
n > 1 “n 

4, Schauder Bases And Approximation Property : We recall 
that a pair { } of sequences { 0 : 2 and {f^}c: X*, 

X being an l.c, ITS, is called a Schauder base , provided each 
X G X has a unique expansion 

X = 2 f (x) X . 

n>l ^ ^ 

Definition 0,4,1 j A Schauder base { x^?f^} is said to be 

(a) equicontinuous , if for each p G there exists 

qG such that sup { p(x ) 1 f„(x) I } < q(x), xG X| 

X n * n 
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(b) absolute , if for each p G and x G X, 

I P(X )|f (X)| < 005 

n>l n • n 

00 

(c) bounded multiplier , if for each a G ^ , the 

series Z a f^(x) x^ converges for each x G X| 
^>1 n n n 

(d) un c ond it ional , if for each % G P(3N) , the series 


(e) 


(f) 


Z 

n>l 




converges for each x G Xj 


boundedly complete, provided the series Z a^x^ 

n n 

converges for every a = { } G to for which 

n 

{ Z a. X. } is bounded in X, ard. 
i=l ^ ^ 


shrinking , if { is a Schauder base for 

(x*,p(x*,x)). 


Por the theory of Schauder bases in Banach spaces, we 
refer to j~ 7 0 

of bases in l.c. SYS, one may consult [[20”j(cf, £593 

an exhaustive treatment of Schauder bases in topological vector 

spaces). 

We recall the following result due to Cook £l9 3 
Schauder bases in reflexive spaces: 


3 and £ 112 J whereas for an elementary treatment 


Iheorem 0,4.2 : Every Schauder base in a reflexive space is 
shrinking and boundedly complete. Conversely, an l.c, lYS 
possessing a Schauder base which is both shrinking and boundedly 
complete, isj(reflexive. 
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Oorresponding to a Schauder base in an l.c, TVS X, 
the symbols 6 and p will denote, without further reference, 
the following sequence spaces: 

S = (^ } ? X e X } , 

u = {{ f(x^) } I f e X*} . 

Note that 6 and p can be placed in duality with respect 
to the bilinear form 

<a,p> -* <x,f> , 

where a66,pG u|xGX, fSX* and a = {f^(x)>, p = {f(x^ 

D efinition 0,4,3 : A sequence space X equipped with a 
locally convex topology ^ is said to possess the AK ~property 

XI 

if for each x e x j x^^^ ^ x in where x^^-^= 2 x- e^ 

i=l ^ 

is the nth section of x. 

It can be easily verified that any sequence space X 
is an AK-space when equipped with its weak or normal topology, 
i.e., the biorthogonal system { e^l e^ } forms a base for 
(x, 0 (x,x’‘)) or (x,n(x jX’^ j) . The same is true for any Kothe 
space i(P) in its natural topology . However, it is a 
routine exercise to verify that { e^| e^ } is actually a 
Schauder base for a(P}« In fact, this statement is only a 
special case of the more general 
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Proposition 0.4,4: [[22][]: 
AK-space, Thus { 


CoY7\j>CiXl^ 

Under every^ S -topology, x is an 
forms a (Schauder) base for (xj ■‘^)* 


Before ;ve end up our discussion on bases, we recall the 
following 


Definition 0,4,5 : A Schauder base a Brechet 

space X is said to be regular if there exists an increasing 
sequence of seminorms {Pj^lX^l} generating the topology of X, 
such that 




¥ X, n e 3N , 


Bor more details on regular bases, we refer to ^ 27^ and [^293 • 


Approximation Prop erty In Locally Convex Spaces : Here we 
recall a few definitions concerning approximation properties 
in locally convex spaces, Bor an exhaustive treatment of this 
subject, we refer to [^68^ and ^ lll"^ , 

Definition 0,4,6 : An l,c, TVS X is said to possess the 
approximation property if is dense in L^Cx). 

Definition 0,4,7 : An l,c, TYS X is said to have the bounded 
ap pr oximat ion property , provided p(X} is sequentially dense 
in i^(X). 

Definition 0,4,8 j An l,c, TYS X is said to possess the 
strong finite dimensional dec omp o sit ion , provided there exists 
a sequence L(x) with T^o and r e ffl 
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such that 
X 6 X. 


dim i^(X) < r for each n e IK and x = 2 I (x), 

^ ” n>l ^ 


^^uclear Sp aces i Our standard references for several 
notions and results of this section are [[|89 3 Q 123 ]] 

(cf. also [I 1 II 3 aiid C 118]] ). 

t 

Let E and E be Banach spaces. We begin with 

Definition 0.5.1 : An operator IT e 1(E,E) is said to be 
nuclear if there exist { a^} G £* , {£^ 3 ^)'== E* and { y^} c E 
with ( jf^l j ^ 1 , II y^j j < 1 , n 1 such that 

l(x) = 2 a f (x) y , x 6 E. 

n>l n n n 

Definition 0,5.2 : An l.c, TVS is said to be nuclear if to 
each u e there corresponds v G v < u such that 

-* xs nuclear. - 

Definition 0,5.3 : An l.c, TVS X is called dual nuclear 
(or co-nuclear ) provided (X*, p(X*,X)) is a nuclear space. 

The proofs of the following results can be found in 
[] 89 3 (see also {Illl 3 )» 

Proposition 0.5.4 ; Every nuclear space is Hilbertizable, 
i.e., the topology of a nuclear space X can be considered 
to be generated by a family of seminorms which can be obtained 
from inner product functions. Hence for each u e U^, X^^^ 


is a Hilbert space 
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Proposition 0.5.5 : A metric or dual metric space is nuclear 
if and only if it is dual nuclear. 

Proposition 0,5,6 : Every nuclear Prechet space is Montel, 
hence reflexive . 

We also recall the following result, known as the 
Grothendieck- . Pietsch criterion for the nuclear ity of a sequence 
space (see p» 388). 

P roposition 0,5,7 j A Kothe space A(P ) ^ resp * (x,n(x»x^ ))I] 
is nuclear if and only if for each a G P C H > ‘tkere 

exists h G P F resp . x’' H such that Z a^/h^ < 

Por power series spaces, the above result can be restated 
in the form of 

Proposition 0,5.8 : A power series space [^resp. A^Ca)]] 

of infinite resp , finite ^ "type is nuclear if afid only if 

r- - -“n 

for some j_resp. eachj R>1, 2 R <o°. 

n>l 

We also state the following criterion for the nuclearity 
of a G^-space (see £[1163 » P* ^98) : 

Proposition 0.5.9 : A G^-space ^(P) is nuclear if and only 
if for each k £ IM , there exist p > 0 and a G P such that 

n^ < p a^, V n > 1. 

6. Miscellaneous i In this section we briefly touch upon 
several definitions and notations not explained in the preceding 
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sections that have heen used in the course of our work, For 
further details of these notions, we refer to the corresponding 
source cited appropriately before or after the particular 
definition or result. We start with 

Definition 0,6,1 : Let X and Y be l.c. TVS. An operator 
T e L(X,Y) is said to be bounded Q resp . pre comp act , compact 
provided there exists u G such that T(u) is bounded 

[] resp , precompact, relatively compact]]] in Y. L^(X,Y) []resp* 
1^(X,Y), ijj.(X,Y)3 will denote the vector space of all 
bounded []resp. precompact, compact]] operators from X into Y, 
Clearly, one has 

L^(X,Y)c: L^(X,Y) <= L^(X,Y). 

Definition 0,6,2 : A linear operator T;X -»■ Y is said to be 

absolutely summing (T G 7 c(X,Y)) provided 2 p (Tx } < 

n>l ^ ^ 

for each v G and {x„}c='X whenever £ l<x„,f>l < 

^ ^ n>l ^ 

for each f G X*. ” 

It readily follows that ^(XjY) c £.(X,Y), If X = B, 

Y = B and G are normed spaces, we have the following theorem 
due to Pietsch []89]], p. 66. 

Theorem 0,6,3 : The product TS G of mappings 

S G ixCBjC) and T G ) yields a nuclear operator, 

^ say that an l.c* TVS X has the » Dvoretzky-Roger s 
property * if each unconditionally convergent series in X is 
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absolutely convergent. As a direct consequence of Theorem 

0. 6.3, we get the following famous theorem of Dvoretzlcy and 
Rogers. 

Theorem 0.6.4 : A normed space is finite dimensional if and 
only if it has the Dvoretzl^y-Rogers property. 

For the following definitions, notations and related 
results, we follow [[ 89 3 • 

Definition 0,6.5 : Let X be an l.c, TVS and u,v G 0 ^ 
with V < u. Then we have 

(i) The nth Kolmogorov diameter of v relative 
to u is defined by 6^(v,u) = inf { p > 0 : 

V c: pu + L 5 dim L < n } . 

(ii) G- capacity (G >0) of v relative to u 
is defined by Mg(v,u) = sup { n G 3K : 3 

XfjXg, . . . ,x^G V : 0 Gu,. i 0 3 y , 

(iii) Order of v relative to u is defined by 

log log Mg(v,u) 

p(v,u) = lim sup . 

G - 0 log 1 /g 

Definition 0,6.6 (dll'll) i diametral dimension of an 

1. c. TVS X is defined to be the collection of all sequences 

X = ■ { } Gw such that to each u G there corresponds 

v G Uyj ^ lim Xj^5^(v,u) = 0. 

Definition 0.6.7 * ap pr oximat ive dimension 

of an l.c, OJVS X is defined by 
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f(X)= U^,jve v<us.t. 

lim (fCe))-^ M (v,u) = 0} . 

e - 0 ^ 

Definition 0.6.8 ( [] 89 For an operator 'f G E 

and E being Banach spaces, we define the nt h- ap p r ox imat i on 
number a^(f) and the nth- Kolmogorov number 

a^(T) = inf {| jf-A] jj A e Fj^(E,E}} 

and 

6n(2) = 6n(2^(U},V), neffl, 

U and V being the closed unit balls in E and E, 
re spectively . 

We remark that (cf, [^lli3» P • 69 ) 6j^(v,u) = 6j^(v(u)) 
where v(u) denotes the bounded subset of given by 

v(u) = { X + her p^^i x 6 v} , The relationship between a^(l) 
and 6^(1) is contained in 

Proposition 0,6.9 ; Eor 'f e L(E,E), we have 

(i) 6^(1) < a^(T) < n 6^(1), n > 1. 

(ii) If I is coii:|)act and B and E are Hilbert 

spaces, then = 6^(1) = a^(!I}'*') = 

n > 1. 

It has been observed by Hutton [^46 3 that in (i) above, 
the ineq.uality on the right hand side can be further improved 
as < (n^/^) 6^(1), n > 1 , Also, it follows from 47 ] 
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that the identity a 3 Q( 2 !) = in (ii) is valid in the 

more general case when E and F are taken to he arbitrary 
Banach spaces* 

The proof of the following theorem known as the spectral 
decomposition theorem for compact operators, can be found in 
[^68j. See also L 89 , p. 129. 

The orem 0,6.10 : let ' and Hg be Hilbert spaces and 

T:H^ '^2 s- coripact operator. Then there exist orthonormal 
sequences and {b^} in and Hg , respectively, as 

well as a sequence ^ i with ^ ^ ^n ^ such 

that 

T(x) = E X <x,e > h , X G H- . 
n>l n n n ± 

Theorem 0,6,11 ( [I 89 ^ ) : For each compact operator TjH^-* Hg, 
one has 

an(^) = in » ^ ^ ^ 

where ^ ^n ^ some sequence of scalars appearing in the 
spectral deconposition of T, 

We conclude this section with the following result due 
to Tikhomirov, See 114 3 > P» 58. 

Theorem - 0,6,12 : Let B be a normed linear space and 1 a 
subspace of E with dim 1 = n. Then for every bounded 
subset A of E, the inclusion 6(1181) c: A inplifis that 
6^(A}>6. Here 6^(A) = 6j^(A,U). 
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Operator ideals : The concept of an A -space as introduced 
by Pietsch []90]2 in order to unify the notions of nuclear 
spaces, Schwartz spaces and other kinds of locally convex 
spaces, depends upon the concept of an operator ideal which 
is defined in 

Definition 0,6.13 j A set A consisting of a certain 
collection of operators between Banach spaces is called an 
operator ideal provided it satisfies the following conditions: 

(i) A(E,P) = L(E,P) n A t £or all Banach spaces 
E and P? 

(ii) Q 0 T 0 S G A(E,H) whenever T G A(P,G-) 

and S G L (E,P), Q G for all Banach 

spaces E,P,G and H, and 

(iii) T, S G A(E,P) ==> T + S G A(B,P). 

<b 

A is called a semi- ideal of operators provided it 
satisfies (i) and (ii). 

Definition 0.6,14 : An l.c, TVS X. is said to be an A- space 
( A being an operator ideal) provided for each u G 
there exists v G v < u such that ^ 0 A (X^,S^). 

Por an elementary treatment on operator ideals and 
their applications to X-nuclearity , one may look into [1 79 3 
and several references cited therein. 



CHAPTER 1 


HISTORY jam MOTIVATIOH 
Part I 

Made ax Sp aces And Hucleax Operators 

1. Development Of Hue lean Spaces : Nuclear locally convex 
spaces were introduced by Grothendieck around the year 1953 
in his celebrated dissertation [^40^ wherein he laid the 
foundations of the theory of topological tensor products of 
locally convex spaces. Heedless to say, the idea of a 
nuclear space was mainly motivated by his investigations into 
the problem of representing operators by means of kernels. 

This led him to define nuclear spaces through the equivalence 
of suitable -ni-and C-tensor products. One also finds that 
the most important part of the theory of nuclear spaces is 
already contained in the fundamental work of Grothendieck 
referred to above? however, the machinery of topological tensor 
products which is used there to prove several results, is 
indeed very hard and cumbersome! 

It was in the early sixties that A. Pietsch undertook 
the task of constructing a theory of nuclear spaces without 
resorting to tensor product techniques. In doing so, he 
first developed a theory of suraaability of families and 
sequences in locally convex spaces, and in the process, 1b 
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introduced several locally convex spaces of vector- valued 
sequences consisting of summable and absolutely summable 
sequences which were subsequently utilized in characterising 
nuclear spaces (see [l86]|])* One of these results on the 
characterisation of nuclear spaces contains as a special case 
an elegant result of Grothendieck which says that the 
nuclearity of a I'rechet space is equivalent to its ’Dvoretsky 
Rogers property’ . This result suggests that the nuclearity 
of a locally convex space can be amply reflected through the 
behaviour of the associated generalized sequence spaces. It 
seems that this aspect of the theory of nuclaar spaces has 
provided much of the motivation for an independent investi- 
gation of generalized sequence spaces, enshrined in the works 
of Pietsch [l853> Gregory C 39 3 > Rosier 3 103 3 anl 
De Grande-De Kimpe also [[ 1"^ II > C'Ull* 

3423 and 3433 further developments in this direction) 

The theory of nuclear spaces attained further signi- 
ficance especially after Mityagin’s work 3 H > C II 
came to limelight. Indeed, inspired by a problem of Gelfand 
he made use of the notions of nth-diameter 3^®I] 

G-entropy 3 ^^3 Kolmogorov, diametral dimension of 
Bessaga, Pelczynski and Rolewicz 3 ^^3 approximative 

dimension of Kolmogorov 3 ^^3 Pelczynski 3®^3» to give 
several characterisations of nuclear spaces. Notable among 
these results are the followings 
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(I) An l,c, TVS X is nuclear if and only if to 

each u G there corresponds v G 

Y < u such that 2 6„(y,u) < k). 

n>l ^ 

(II) A metric or dual metric space X is nuclear 
if and only if p(K,u) = 0, for each contact 
set K in X and u G 

(III) An l.c. IVS X is nuclear if and only if for 
some (resp. each) a > 0, { n°^ } G A(x) . 

(IV) An l.c, TVS X is nuclear if and only if for 
some (resp. each) a > 0, [ezp (G”°^)^ G ^(X). 

Further contributions along these lines have also been 
made by Schock 110^ and Fenske and Schock [^35]] • A result 
which lends substance to the fact that the diametral dimension 
of a locally convex space is indeed a measure of its nuclearity, 
was established by Fenske and Schock in [^363] where they 
prove that the class of locally convex spaces having the 
maximal diametral dimension forms a 'stability class* of 
nuclear spaces. ¥e also mention the important work of 
Terzioglu £) 114 3] where the problem of diametral dimension 
has been subjected to furtier investigations and subsequently 
utilized in exploring the conditions for the nuclearity and 
the Schwartz property of Kothe sequence spaces. For further 
details on Schwartz spaces and historical remarks on this 
subject matter, we refer to [[51 3 • 
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The first universality theorem on nuclear spaces was 
proved by T, and Y. Komura (263 3] in 1965. They proved 
that every nuclear space can be embedded as a subspace of a 
suitable topological product of s, the nuclear space of 
rapidly decreasing sequences - thus substantiating a conjecture 
of Grothendieck £ 40]] , This result has been further improved 
by Saxon and Yaldivia in []105]]. and []119]]> respectively, 
where the space s has been replaced by an arbitrary infinite 
dimensional Banach space. A recent work of Pehr and Jarchow 
[]34]] containing as a special case the Komura-Komura theorem 
and several other results on the imbedding of specific locally 
convex spaces, also deserves special mention. 

It goes without saying that there has been considerable 
activity going on in recent years on various problems related 
to the theory of nuclear spaces. One of the most important 
problems in this direction that has aroused a fair amount of 
interest, is concerned with questions on the structure of 
nuclear Pre”chet spaces. In essence this problem deals with 
such questions as to when a nuclear Prechet space is isomorphic 
to a subspace, quotient space or a complemented subspace of 
a given nuclear Prechet space. Instead of embarking upon a 
detailed discussion on the development of this problem, we 
refer to the excellent monograph of E. Dubinsky j] 29]] f or more 
details and references quoted therein. 
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2 • Schauder Bases And ^Nuclear Spaces : Siie theory of Schauder 
bases in general locally convex spaces has proved particularly 
rich when applied to nuclear spaces. In this connection 
several deep and interesting results have been obtained by 
analysts, thus reflecting a strong connection between Schauder 
bases and nuclear spaces. For an exhaustive treatment of 
Schauder bases and the details of their relationship with 
nuclearity, we refer to Chapter 2 of a forthcoming monograph 
of Kamthan and Gupta 59 3 • 

Ihe first result concerning the intact of nuclearity on 
Schauder bases in locally convex spaces, was proved by Dynin 
and Mityagin [[33 3 i960, This result which is of 

fundamental importance in the structure theory of nuclear 
spaces, states that every Schauder base in a nuclear Brechet 
space is absolute— thereby establishing the profound fact 
that nuclear I're’chet spaces with bases are essentially (nuclear 
Brechet) Edthe spaces. This fact together with a result of 
Wojtynsld- [] 1243 Schauder bases in non-nuclear Brechet 
spaces leads to the following characterisation of nuclear 
Brd'chet spaces with basesi 

(V) A Brehhet space X with a Schauder base is 

I 

nuclear if and only if every base in X is absolute. 

On the other hand, Pietsch 11883 in 1966 while investi- 
gating absolute bases in nuclear Prechet spaces, discovered 
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that the nuclearity of a I'rechet space X having an absolute base, 
is equivalent to the absoluteness of the dual base in (X*,p(X*,X)} 
This result was further extended to (Ll'j-spaces by Bennet ard 
Cooper in ^ ? 1] • -Another important result giving a useful 
criterion for the nuclearity of a I'rechet space with a Schauder 
base, is contained in the works of Grothendieck £40]^, Pietsch 
[]^88J and Dynin and Mityagin . Its refined version 

to the case of an arbitrary locally convex space possessing an 
equicontinuous base, was established by lerzioglu [^HS^ » 

Kalton aJ^d Kamthan [I 52 3* i't states that an l.c. TVS 

X having an equicontinuous base is nuclear if and 

only if to every p e there corresponds q C t?^, q 2 P 

^ ^ P(Xj,) 

satisfying 2 —j — — r < oo, Purther results in this direction 

n21 

have also been proved by Schock 3 109 3 abid Rosenberger and 
Schock 3 » followed by an important work of Kalton 3 503 

where the author carries out a neat dissection of the concept 
of an absolute basis. Along with many other results, the 
author also establishes the af orenBntioned result of Grothen- 
dieck and Pietsch via the use of his new techniques which are 
quite different from and simpler than those of these authors. 

We also mention the work of Kamthan and Gupta 3 ^ H ? C H 
where, besides laying down results on the interrelationship 
between several notions of absolute bases as introduced by 
Kalton, they construct examples and counter-examples to 
justify further study of these concepts. Several recent 
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contributions due to De Grande-De Kimpe £ 253 and Oeitlin 
13 18 3 need also be specifically mentioned. 

On the other hand, Dragilev 3 13 1971 introduced 

the notion of a regular base in a nuclear I're’chet space and 
thus initiated a new direction of research into the problems 
related to nuclear power series spaces. Apart from the 
fact that regular bases turn out to be particularly useful in 
nuclear I'rechet spaces where it maJces it easy to compute the 
Kolmogorov diameters of neighbourhoods, they possess the 
remarkable property that a nuclear Pr^chet space having a 
regular base, has the 'quasi equivalence property’, i.e,, for 
any two biases } soad {y^^} in X, there exist a sequence 

{r^} of positive numbers, permutations tc and a G P(I!l^ } and 
an isomorphism J:X X such that = ^n^ 0 (n)» 

Roughly speaking, this means that there are not too many bases 
in nuclear Prechet spaces with a regular base, A useful 
generalization of this result has been obta.ined by Alpseymen 
313 * more details and references, we refer to an ■ 

important work of Bessaga 3®II* 

Por a long time it has been an open problem whether 
every nuclear Prechet space (which is always separable) has 
a basis. This problem which was posed by Grothendieck 3 ^*^3 
in 1955, was solved in the negative by Mityagin and Zobin 
3753 * 3 ^2^3 i» Indeed, they constructed a nuclear 
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Prechet space without a base. Their construction of such 
a space though hard and cumbersome, was considerably 
simplified by Djakov and Mityagin 26 ]] in 1976. This 
simplification enabled them to produce nuclear Prechet spaces 
of maximal diametral dimension, which do not admit even a 
strong finite dimensional decomposition! C. Bessaga Ho]] 
and B.S. Mityagin [274]] further modified and simplified the 
Djakov-Mityagin arguments to clarify the two-dimensional 
intuition of this construction and assert the existence of 
nuclear Prechet spaces which do not admit a structure weaker 
than that given by a basis. This was followed by the works 
of Dubinsky L]28 3 and Dubinsky and Mityagin []]30]] where, 
employing the techniq_ues of Bjakov and Mityagin and the 
embedding techniques of Dubinsky, they prove that each nuclear 
Pre'chet space not isomorphic to o , admits a subspace and a 
quotient spaoe without a base. It was, however, observed by 
Bessaga and Bubinsky that a further clarification of 

the Djakov-Mityagin arguments and the embedding methods of 
Bubinsky, leads to much simpler and unified proofs of the 
aforementioned results of Bubinslcy and Mityagin, Recently, 
Moscatelli [1 78]] inspired by a problem of Bubinsky, established 
the existence of a nuclear Prechet space without a continuous 
norm and which is not embeddable as a subspace of a countable 
product of Pre*chet spa.ces, each admitting a continuous norm! 

It turns out that such a space provides one of the simplest 
examples of a nuclear Pre'chet space without a base. 
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A problem closely related to the basis problem is that 
of Grothendieck’ s approximation problem, introduced in 
which incorporates a wealth of information on approximation 
property in locally convex spaces. It turns out that every nuclear 
(Preebet) space possesses the approximation property 
(cf. also {l59ll) but not the bounded approximation property. 

A counter-example to this effect has been constructed by 
Dubinsky in 1978 and appears in £ 292 * I’or a detailed and 
comprehensive account of this subject, we refer to I)ubinsky*s 
monograph 29 ][] which contains more or less all that is 
known about approximation properties 3n nuclear Prechet spaces. 

Structure ^ Nuclear Spaces ; Although a good 
deal of literature is available on the diametral and approxi- 
mative dimension of nuclear spaces, not much progress has been 
made concerning the order structure in nuclear spaces. In 
this context the only significant contribution seems to be 
that of Komura and Zoshi £ 64 : 2 - Their results show that an 
order structure on a nuclear space sometiuBs leads to very 
deep and far reaching consequences, regarding the structure 
of the underlying locally convex space. One of these results 
depicting such a, situation consists in the assertion that 
every nuclear (Fj-lattice has a Schauder base. Besides, a 
characterisation of nuclearity in Frechet spaces having a 
Schauder base ha.s also been obtained by Lazar and Retherford 
C Ii“ thus reflecting a nice interplay between the order and 
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nuclear structure of a locally convex space. A detailed 
account of this aspect of the theory of nuclear spaces is 
already contained in the , unpublished lecture notes of 
Bessaga and Retherford 

Buclear Operators : luclear spaces as introduced by 
Grothendieclc through tensor products can be conveniently 
expressed in terms of a class of continuous linear operators, 
known as nuclear operators, of which we outline a brief 
survey and trace their historical developirent in this subsection 
and follow the survey article of Kamthan 53 3 • 

The origin of nuclear operators can be traced back to 
1936 V7hen Schatten [][ 106 ^ and Schatten and von Neumann [^IC©]]] 
came across these operators in their work on problems related 
to the mathematical foundations of Quantum Mechanics and called 
them the ” trace class operators” . Realizing the importance 
of these operators, Grothendieck extended the notion of nuclear 
operators on Hilbert spaces- as was already done by Schatten 
and von Neumann — to the more general setting of Banach spaces 
and carried out a thorough investigation into the theory and 
structure of these operators in his dissertation 
Utilizing the notion of an absolutely summing operator X] 87 ^ , 
Pietsch was able to further simplify the theory of nuclear 
operators (and spaces) founded earlier by Grothendieck, Among 
several other results based on these techniques, 1 b could 
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establish one of the deepest results in operator theory which 
leads to the profound conclusion that the class of nuclear 
spaces can be equivalently defined by means of the ideal of 
absolutely summing operatorsl 

Ihe first work after the fundamental paper of Mityagin 

» covering a theory of nuclear spaces and nuclear 
operators on Hilbert spaces, appeared in 1958 « This treatise 
constitutes the fourth volume 38l] of their monumental work 
on generalized functions, extending over a series of six volumes, 
by I.M, Gelfand and his collaborators. This work whose 
English translation later appeared in 1966, contains a wealth 
of information on the structure of nuclear spaces in the setting 
of countably Hilbert spaces. Also included in this work are 
several deep results concerning the metric order of sets in 
nuclear spaces. This was followed by Pietsch's monograph in 
1965 and then by its English translation [^89 3 in 1972, which 
incorporates all the basic and important results on nuclear 
operators and spaces, known till then. A recent book by 
Wong [1 123 3 which embodies - apart from the theory of nuclear 
spaces— the theory of Schwartz spaces and tensor products, is 
also a useful addition to the stock of literature on nuclear 
spaces. Another recent monograph by Dubinsly [129 31 and a 
forthcoming book by Mityagin, dealing with the structure of 
nuclear Erechet spaces, are also worthy of special mention. 
Another useful source highlighting the diameter-approach to 
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nuclear (sequence) spaces, is a recent monograph of Kamthan 
and Gupta [[58]] on sequence spaces and series. v/e also 
mention the works of Shaefer [[lll[] and 'Ireves [[ 
where a brief account of the theory of nuclear operators and 
nuclear spaces has been incorporated. 

She in^ortance and significance of nuclear spaces lay 
mainly in the fact that with a few exceptions, all infinite 
dimensional locally convex spaces encountered in analysis 
are either normed spaces or nuclear spaces. Nuclear spaces, 
in particular include several important spaces known in 
analysis, for instance, the spaces of (i) analytic, (ii) 
entire, (iii) harmonic, (iv) infinitely differentiable 
functions and (v) distributions of L . Schwartz. Pietsch 
has rightly remarked that ’* if a theory of structure for 
locally convex spaces can be developed at all, then it must 
certainly be possible for nuclear spaces because they are 
more closely related to finite-dimensional spaces than are 
normed spaces** . In view of these remarks and the privi- 
leged position occupied by nuclear spaces in analysis, it 
is not surprising that mathematicians have already majde a 
beginning to construct generalizations or other kinds of 
variation of this theory. 
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Part II 

Q-eneralizatioiis Qf luclear Spaces 

1 . Development of X- Nuclearity : We have already remarked 

that nuclear spaces can be defined by means of the class of 
nuclear operators in a natural way. A close examination of 
the concept involved in the definition of a nuclear operator 
reveals that these operators depend upon the Banach sequence 
space a . It is, therefore, quite natural to consider the 
situation when z is replaced by an arbitrary sequence 
space X . Ihis leads to the notion of x-nuclear operators 
which are used to define x-nudear spaces* Unlike the class 
of nuclear spaces vehere a rich and powerful theory is already 
available on the class of operators defining these spaces, 
no such corresponding theory exists for a thorough investi- 
gation of X-nuclear spaces. However, the only significant 
contribution in this direction seems to be that of Dubinsky 
and Ramanujan [I ^ followed by that of Walker [I 122 3] where 
a detailed study of A -nuclear and x-suimiing operators has been 
carried out, Hevertheless, in spite of the absence of such 
a theory, there seems to have generated a great amount of 
interest and. activity in this direction during the past few 
7ears, resulting in considerable development of the subject 
(cf. also a recent work of Kamthan [[^54]] ). In what f ollows, 
ii?e trace a brief development of this subject in its chronolo- 
gical order and follow ^53]], 
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1 

'The first application of the idea of replacing a 
by a seq.uence space x is due to Martineau [^VIJ who in 
1964 considered the strongly nucleax spaces defined by means 
of the space s of rapidly decreasing sequences* After a 
few years, Persson and Pietsch [^84]]] considered the case 
when l<p<«> and showed that only jt^-nuclear 

operators be studied as )^-nuclear spaces are the same as 
nuclear spaces. Almost simultaneously, Brudovslci 
[][ 16 3 rediscovered the ideas of Martineau and along with 
many other results made an error that led Kothe to introduce 
the concept of uniform ( s )-nuclearity for a Kothe sequence 
space. Phis work was followed by that of Spuhler [[113 3 
and Ramanujan where these authors have investigated 

the problem of A ^(a)-nuclearity , A<^(a ) being a nuclear 

power series space of infinite type* Around the same period, 
further contributions were also made by Hogbe-Nlend 3^3 
and De Grande-De Kimpe 3 2l3 • 

Phe first serious attempt to bring a unified theory of 
X-nuclear spaces was made by Pubinsl^y and Ramanujan in 3 ^^3 
where a sufficient motivation is provided to develop a theory 
of X -nuclear spaces* In extending the notion of A^^Ca)- 
nuclearity, they replace the power series space A^(a) by 
a nuclear G^-space a(P) where P is assumed to be countable. 
However, the study of A (P )-nuclearity associated with an 
arbitrary nuclear G^-space A(P) was carried out by Perzic^lu 
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in his ojnportent paper 116]], where it is proved that there 
exists a duality between nuclear smooth sequence spaces of finite 
and infinite type* She e3q)ected development - duri33g this 
period - of A-nuclearity when x is a smooth sequence space 
of finite type, is comparatively of less significance. She 
only contribution in this direction is that of Robinson []98]] 
where the author has investigated the A ^(a)-nuclearity , 
associated with a nuclear power series space Aj_(a ) of finite 
type. Later in 1975, the same author considered the 
x-nuclearity associated with a regular nuclear Kothe sequence 
space X , Ihis was done in []99]] where he also obtained 
the Grothendieck-Pietsch-Kothe criterion for this type of 
nuclear it y. On the other hand, B. Rosenberger carried out 
his investigations on <}i-nuclear spaces obtained by taking X 
to be the sequence space defined by means of a suitable 
function 4> on * 


In 1975, Ramanujan and ferzioglu [] 95]] studied the 
A k(a;) -nuclear spaces, corresponding to a power series space 
A^(a) of radius of convergence k, Iheir results showed that 
the results on nuclearity associated with these spaces, though 
in marked contrast with those kaorni about A^(a )-nuclearity , 
exhibit a strong resemblance with several results on A(P)- 
nuclearity, considered earlier by lerzioglu. Using the space 
A j|j.(a)> they also introduce the notion of A^ (a)-nuclearity 
for locally convex spaces which was subsequently extended by 
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Ramanujan and Rosenberger [^93 3 to A(P|IH )-nuclearity. 

(It may be noted that A^. (q; ) or A(P|3]!I ) is not a seq.u.ence 
space). In this work they also investigate the a(P;4i)- 
nuclearity (of spaces) associated with a countable, monotone, 
nuclear G^-set P and a suitable function ^ on IR"^ • 

Besides, they prove thaf for a wide class of functions <t) , 
the study of A(P| )~nuclearity reduces to that of ^(Q)- 
nuclearity, for some nuclear G^-set Q. The concept of 
A(P;Bf )-nuclearity has recently been es^^loited to investigate 
the structure of certain nuclear Prechet spaces. Indeed, 
using this idea, Alpseymen eg has characterized all subspaces 
with basis of the nuclear Prechet space L£(a,°°) of Dragilev, 
followed by a recent work of Apiola [163 where he has given 
a complete characterization of all subspaces of L£(a,°o) 

(cf. also { 31203 ). 

On the other hand, an eaatirely different concept of 

nuclearity was considered by Joichi in [{493 where (Z,x)- 

nuclear mappings have been introduced, using a Banach space Z 

1 

and a sequence space x. Por X= z , these operators have 
been utilized in a natural way to define Z-nuclear spaces. 

In this connection, the aforementioned work seems to be tlte 
only contribution on Z-nuclear spaces and not much is known 
about this type of nuclearity. 

Concerning the embedding of X-nuclear spaces, positive 
results have been obtained in this direction by Rosenberger 
[ 31013 , Ramanujan and Terzioglu [{953 and Ramanujan and 
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Eosenberger [_933 for several Eirds of x-nuclear spaces, 
associated with specific sequence spaces x . A unified 
treatment of some of these results has recently appeared in 
an i up or tan t work of Eehr and Jarchow [[34]] whereas 
Moscatelli in [] 77 
sing those sequence spaces which admit a universal X -nuclear 
Frechet space. 

2, X -Euclearity And x- Bases : In view of the absolute 

basis theorem of Dynin and Mityagin []33]] and that of Pietsch 

[[88]] on absolute bases in nuclear Prechet spaces, one 

finds tha^t in the theory of Schauder bases in locally convex 

spaces, the absolute bases are particularly well adapted in 

the study of nuclear Prechet spaces. Also it turns out that 

the notion of absolute bases is closely related to the 

1 

sequence space z in much the same way as nuclear operators 
depend on this apace. It is, therefore, reasonable to extend 
the notion of absolute basis to x-basis, corresponding to an 
arbitrary sequence space x and then investigate the problems 
related to X-bases and x-nuclear spaces, motivated by known 
results from the theory of absolute bases and nuclear spaces. 

In this direction, the first attenpt was made by Schock [] 109 ]] 
in 1969. ifere Ib introduced the notion of a p-ab solute basis, 
p > 1 and obtained several results analogous to those known 
from tte theory of absolute bases. Shis concept was furtiBr 
investigated by Kalton in []50]] where he improved upon certain 


]] has considered the problem of character!- 



40 


results contained in the above-mentioned work of Schock, 

One of these results, displaying a strong connection of 
p-absolute bases with nuclearity, is the following: 

(VI) A Frechet space with a p— absolute basis 
and a (different) p-absolute basis with p p, is nuclear. 

Another generalization of this kind to ^-absolute bases, 
was carried out by Rosenberger and Schock []102]] and among 
several other interesting results, they also proved an 
analogous version of the Dynin-Mityagin theorem for Schauder 
bases in (j)-nuclear I're'chet spaces. On the other hand, an 
entirely different situation ensued when mathematicians 
considered X-bases associated with a nuclear sepuence space x • 
In this direction, Dubinslcy and Ramanujan 3l3 in 1972 
considered the notion of A j^a)-bsises where A^(a) is a nuclear 
power series space of infinite type. Their results showed 
a strong deviation from the classical theory of bases in 
nuclear spaces. 

A marked progress toward investigating x-bases was made 
in 1976 by Re Grande-Re Kinpe in her work 24^ • Besides 
deriving certain results concerning the impact of a x-basis 
on the structure of the underlying space, slB also investi- 
gated the weak basis problem for x-bases. The last section 
of this paper deals with the problems guarenteeing conditions 
for the x-nuclearity of a locally convex space having a X-base. 
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Tile basis problem for X-nuclear spaces was first 
solved by Mityagin and 2obin for the case when 

i 

X = £ , as mentioned earlier. The solution to this problem 
for A(P)--nuclear Prechet spaces was given by Elori in 
However, a slight modification of the techniques of Djakov 
and Mityagin L 26 Q , led Hamanujan and Rosenberger d 94 ‘ 

to assert that in any class of X-nuclear spaces where X is 
a normal sequence space, one can find a Prechet space which 
does not have a basis, 

3 . IdeaJ-s Of Op erators : Though the surnnability techniques 
of Pietsch furnish a much easier tool to study nuclear spaces, 
the most elegant method effective for suitable generalization 
of the concepts of nuclear ity and Schwartzarity is via the 
use of operator ideals as proposed by Pietsch ^90]], Tie 
fact that nuclear spaces can be characterized by means of 
the ideal of nuclear operators in the same way as Schwartz 
spaces are characterized by means of the ideal of precompact 
operators, led Pietsch to introduce the concept of a locally 
convex A-space, related to an arbitrary operator ideal A , 
thus providing a general framework to study several classes 
of locally convex spaces. It turns out that most of the 
permanence properties of the class of locally convex A-spaces 
can be deduced from the general properties of the corresponding 
operator ideal A, Pietsch 11903 has established under 
suitable assun^tions on the ideal A , re sulis concerning 
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completions, subspaces, quotient spaces, products and countable 
direct sums of locally convex spaces, whereas Apiola [^3]] has 
considered tensor products of locally convex A-spaces as well 
as spaces of linear operators. Concerning this theory for 
X-nuclear and pseudo- X -nuclear spaces defined respectively 
by the semi-ideals of x-nucleaT and pseudo-X-nudear operators, 
no attecpt was made until 1977 when Apiola ^'^11 employed the 
ideal -theoretic arguments to investigate the permanence 
properties of A(p)-and A(Q;-nuclear spaces with respect to 
tensor products and spaces of linear operators, a(P} and 
A(Q) being nuclear smooth sequence spaces of infinite and 
finite type, respectively. Phis work was further continued 
by the same author in where these permanence properties 

were completely characterized in the case of A^(a)-, A^(a)- 
and A^ (oc )-nuclearities in terms of the stability of the 
exponent a. In a latest contribution to operator- ideal theory 
of A -nuclear spaces, Helimarkka has proved that the 

class of A (p 1 35 ) -nuclear spaces is not generated by an ideal, 
whenever A(p) is not a power series space of infinite type. 

He also proved a similar result for A^. (a)_nuclear spaces 
under some additional assunption on a - thus solving a problem 
of Jarchow [1 48 3* In yet another paper [[^8l3» he investi- 
gated the class of locally convex spaces generated by the 
ideal of ^proximable operators and solved partially a problem 
raised earlier by Ramanujan j]^92^. She ideal -theoretic 
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arguments have been further utilized by Helimarkka []|82 3] 
to investigate the A-space character of the spaces of 
holomorphic functions and holomorphic germs on locally convex 
A -spaces- thus unifying the corresponding results on nuclearity 
and Schwartz property of these spaces proved earlier by Boland 
CiO. lIwDs Waelbroeck [[121 3 several other authors. 

Bor a detailed account related to applications of operator- 
ideal -theoretic techniques to i-nuclearity, we refer to an 
interesting work of Nelimarkka [[’79[] which also contains a 
brief introduction to the theory of locally convex A-spaces 
defined by an operator ideal A . Last, not the leas'fcj we 
refer to the monumental work of A. Pietsch £[ 90^ an 

exhaustive and coirprehensive treatment of this subject matter 
on operator ideals. 

We have briefly touched upon various aspects of the theory 
of nuclear spaces, its generalizations and a historical survey 
of its subsequent development in the past two decades. During 
this short span of time, this theory has developed considerably 
and evolved as one of the most fascinating branches of functional 
analysis, through the works of many exponents of this field. 
Heedless to say, much of the motivation for carrying out the 
investigations embodied in the present work, has coioe from 
several of these contributions on nuclear and A(p)_nuclear 
spaces and operators. Shis has culminated into bringing forth 
many generalizations of these results in the present setting 
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of X-nuclearity associated with the seq.uence space X= A(P; 4)), 
where P is a nuclear Kothe set of increasing type and <t> 
a suitable function on jR*’. A detailed investigation of this 
type of nuclearity leads to several analj'tical characterisations 
of A (p|i )_;mciear spaces in terms of Schauder bases, Kolmogorov 
diameters as well as the diametral dimension. These results 
also include the 'liBrnel theorem* on A(P| ^)-nuclearity of 
spaces. An application of some of these results yields new 
conditions for the A (p. (j))_nuclearity of smooth seq.uence spaces 
and the spaces of continuous linear operators. 

On the other hand, our work on X-bases in locally convex 
spaces is greatly influenced by the works of several authors 
on Schauder bases in nuclear spaces. Besides laying down 
results on the interrelationship betv/een several types of 
X-bases and their impact on the structure of the space in 
question, v/e exploit the previous results to settle the natural 
questions motivated by those knovm from the theory of Schauder 
bases in nuclear' spaces. The corresponding situation in the ■ 
present context turns out to be pathological as our results are 
in marked constrast to those known from the classical theory. 

Although the subject on X-nuclearity has undergor® 
tremendous development in the past few years, a lot has yet 
to be doiK as there are still many outstanding problems await- 
ing their solutions. One of these problems concerns the 
investigation of X-nuclearity associated with a smooth seq.uence 
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space of finite type or an Orlicz sec^uence space. Tbe 
question of characterising the x-nuclearity of a space in 
terms of the metric order of its O-neighh our hoods is yet 
another in the wide spectrum of unexplored problems concerning 
X-nuclear spaces. The solution of these and many other 
unsolved problems will surely put the theory of x-nuclear 
spaces on the threshold of a new era of development and 
mathematicians will continue to look forward to receiving 
glimpses of many new directions with utmost eagerness and 
curiosity! 



CHAPITER 2 


X - MUCLEiR OPSllAJOaS ^ SPACES 

1. Introduot ion : Ever siiice its inception, the theory of 
:\-nuclear spaces has occupied by and large the attention of 
a number of investigators in the past. In almost all cases, 
people have confined their attention to the study of i-nuclear 
spaces by particularising the sequence space \ in question. 

In this direction, after Persson and Pietsch [[^843 
Brudovsfci [1 15^ > C 3 considered the question of replacing 
(in the definition of nuclear operators) by and s-the 

space of rapidly decreasing sequences - respectively, various 
generalizations of the concept of nuclearity have been considered 
by many authors, e.g, d 66 3 > 

C further details 

and historical remarks on x-nuclear spaces and their rami- 
fications, We refer back to Chapter 1, Part II and the survey 
article of Kamthan '^here it has been observed that 

’ 'it is not an easy going task to dig out characterisations 
of X-nuclear spaces unless we particularize the spaces in 
question**, Ihis observation is borne out by the fact that 
the situation in characterising x-nuclear spaces seems to be 
comparatively more pleasant than in the case of X-nuclear m^s, 
Accordingly, we study in this chapter the problem of characteri- 
sing x-nuclear spaces and establish several (possibly new) 
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characterisations of such spaces. Indeed this is achieved 
in Section 2 for the most general case when X is taken to 
he an arbitrary sequence space. Further restrictions on X , 
for inst.: 3 ncc, when x is taken to be where P is 

mm 

a nuclear Kothe set of increasing type and 41 is a suitable 
function on IR'*' , yield some interesting results on the 
characterisation of X -nuclear spaces. She main result 
in this direction is Theorem 2.3,4 which is established in 
Section 3 and is used in a later chapter to determine the 
conditions for the a (PjtjiJ-nuclearity of spaces in certain 
concrete situations. The chapter concludes with the so-called 

A 

* kernel theorem’ on A(pj (j) )_nuclear spaces contained in the 
last section which also incorporates a result on the charac- 

A 

terisation of a A (P; <j>}-nuclear space in terms of its diame- 
tral dimension. Most of these results are motivated by 
their corresponding analogues already developed in the theory 
of nuclear spaces; and these results also envelop a number 
of those recently established in the theory of X-nuclear 
spaces, 

2. X - luclearity ; In this section we introduce the basic 
definitions of different types of ‘x-nuclear* maps and study 
the associated nuclearity of locally convex spaces. 

Definition 2,2,1 s Let Te L(X,Y) and X be an arbitrary 
sequence space. Then T is said to be 
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(i) X -- nuclear . if there exist a e X , an 
equicontinuous sequence {f^}cX* and a sequence 
with {<y^,g>} e x’' for each g e Y*, such that 

l’(x) = £ a^ <x,f > y„, x e X 

n>l ^ n n 

(ii) p seudo- X -nuclear (or x -nuclear ),provid.ed 

1 satisfies all the conditions laid down in (i) with X** 
being replaced by and 

(iii) q uasi~ X -nuclear , if for each p e Vj, 
there exist a G X and an equicontinuous sequence 

{ f } c X* such that 

p(lx) < £ ja„<X|f„>j, X G X. 

n>l ^ n ■ 

Ihe collection of all such operators (in (iii)) will be 
denoted by W^(X,Y). 

Definition 2,2,2 : A seiainorm p on an l,c. IVS X is 
called q uasi- x- nudear , provided there exist ^ G X and 
an equicontinuous sequence cz z* such that 

-ex. 

We have the simple 

Proposition 2, 2, 3(a) ; composition of any of the operators 

in Definition 2.2,1 with a continuous linear operator is of 
the same hiiKi, 
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J We prove the result for quasi-X -nuclear operators. 

Thus, let T e L(X,I) and S e W^(Y,Z), then for 

A 

p G we have 

{*) p[I(SI)(x)Il < 2 j ? <T(x),f >j , xGX 

n>l ^ n • 

where {^ 3 ^} G x and { f ^ } c Y* is equicontinuous • If we 
write n>l, then the inequality 

i<x,g^>| = l<x,T*f^>| = [fj^Clx)! < q»(3:x), n>l, x G X 

where q' G Py, yields that { g^} c: X* is equicontinuous 
because q’ 0 T G Thus (*) can be re?;ritten in the form 

pC(ST)(x)] < 2 lc<x,g>|, xGX 

n^l 

so that ST G mJ(X,Z). 

The proofs of the following three results can be disposed 
of similarly. 

Proposition 2.2.3 (b ) : Por a normal sequence space X , the 
composition of a continuous linear operator with an operator 
of X-type yields an operator of the same type. 

Proposition 2.2.3 (cj ; An operator T e L(X,Y) belongs to 

q M 

M^(X,Y) if and only if the seminorm qoT is quasi- X- 
nuclear on X, for each q G t?y. 

Proposition 2.2.5 (d) ; An operator T Q i(X,Y} is quasi- 
x-nuclear if and cmly if ttere exists a quasi- X-nuclear seminorm 
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p G sucii that the set A = {TxspCx) < 1} is bounded 

Jr 

in I. 

lote : It follows from Proposition 2,2.3 (a) that each class 
of operators in Definitions 2.2,1 forms a semi-ideal in the 
sense of Definition 0.6.13, 


Definition 2.2,4 ; An l.c. !EVS X is said to be X - nuclear 
( resD .x- nuclear ) provided for each u e U„i there exists 
V e Uy, V < u such that the map : i - is X-nuclear 

JL U. V U. 

(resp .x-nuclear ) . 

Ihe following theorem on the X-nuclearity of an l.c. TVS 
is the main result of this section. 


Theorem 2.2.5 : 
are equivalent: 

(i) 

(ii) 

(iii) 


For an l.c, TVS X, the following conditions 

A 

X is X-nuclear , 

* . 

For each u e U^, the map iX - X,_ is 

JL U. li 

-A. 

x-nuclear • 

Each continuous linear mapping from X into 
any Banach space F is X-nuclear. 


proof : (i) ==> (ii) follows from Proposition 2, 2. 3(a), since 


fir ■ 

‘*’u = ♦u® "^v' 


the map 


(ii) ==> (i) ; let U 6 li^. By tte given hypothesis, 
^^:X - Xjj^ is X-nuclear. Thus 

(») 4“^' 


X ex 
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with usual restrictions on {a^} and 

let = {X e Xs |f^(x;j <1, ¥ n > 1} . Since } is 

eiuicontinuous, G Suppose v = fl u. Insn 

Y G and V c u. 

X. 

Define 

f n = ^ ■* ^ 

by 

Jf* 

^nW-^ " fjiCx:), x^ e Xy., x^ = X + Xer p^. 

Observe that is well defined because 

< P^^(x) < p^(x), ¥ X G X, 


and since this inequality is also valid for each n > 1, 
we find that for each x^ G X^, 


|f^(Xv)j ^ P^(x^)> ^ ^ ^ 

thereby yielding the equicontinuity of { f^} c (X^)*. Further, 

V < u, therefore we have the well-defined mapping ■* 2!^^* 

Hence, making use of (*) we get, for each x^ 6 X^, 

='u = 4”^- 

where {a^} 6 x > is equicontinuous and 

'{x^ ^ > <= X^ is bounded, Ihus is X-nuclear, Consequently 

A. ' ' 

X is X-nuclear . 


( ii ) ==> (iii) , 
operator. 


Let TjX - F be a continuous linear 


2hus there exists p G such that 


.■’L'P' 

Ak tllSM 
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1 ^(^)j !1 p(x), ¥xex. 


Put v={xGX:p(x)<l}, ffhen v G and, therefore, 
by the given hypothesis, X -* X^ is Lnuclear. 


Define 


by 

Since 


g:\ - S' 

g(x^) = f(x), x^ = X + ker . 
Il2(x) - I(y)|[ < p(x-y) = 0 


for x,y G x^, tile mapping g is well-defined. She 
continuity of g follows from the inequality 

I U(2C^)} ! = 1 < P(x) = P^Cx^), e X^. 

Purtter 

g o (}.^(x) = g(x^) = S(x) 

and, therefore, S is i-nuclear by Proposition 2.2.3(a). 

A. 

(iia) => (iv) follows trivially because X^ is a 
Banach space for each u G 

M ote : She proof of the foregoing theorem suggests that tie 
following is also true, namely 

Sheorem 2.2.5’ s She following statements for an l.c. SVS X 
are equivalent ; 

(i) X is x-nuclear. 

(ii) For each u G the map is 


X-nuclear 
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(iii) For each Bahach space F, each continuous 

linear operator from X into F is x-nuclear. 

For our later use in this chapter, we also prove 

Theorem 2.2*6 : The following statements for an l.c. TVS 
X are equivalent: 

(i) For each u G there exists v G 

V < u such that is quasi-x- 

nuclear , 

(ii) For each u g I,,: X - X,, is quasi-X- 

nuclear , 

(iii) L(X,F)-c: W^(X,F), for each normed linear 
space F, 

(iv) LjX,Y) cW'lCXjY), for each l.c. TVS Y. 

X 

(v) L^(X,Y) c; #(X,Y), for each l.c. TVS Y. 

X 

P roof : The equivalence of (i), (ii) and (iii) follows on 
the lines of proof of Theorem 2,2.5. 

(iii) ==> (iv). Let T G L (X,Y); then for some 
UG and BG By, T(u)cB. Since P 3 (T(x ) ) < Pj_j^(x ) 

for each x: in X, the map 

- Y(B), 

where 

= 2 ( 3 :), x+l©r p^^, X G X, 

is a wellwiefined continuous linear mappang. By (iii), 
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® observe that T = x^o 5?^ o where 

ig is the inclusion 1(B) - Y, Applying Proposition 2,2,3(a), 

we conclude that ’I 6 W^(X,Y). 

X 

(iv) ==> (v) is obvious. 

(v) ==> (iii). Let 1' 6 L(X,P}. 2hen 

1 6 L^(XfJ^) where = (P,a(P,P*)) so that by the given 
hypothesis, 1 e W^(X,y^ ). Thus by virtue of Proposition 
2.2,3(d), there exists a q.uasi-X -nuclear seminorm p G 

jl 

such that Ap = {lx:p(x) _< 1 }, is bounded in Y^ , But 
then A is bounded in the norm topology of P (cf , also 

ir 

theorem 0,2.6), Therefore, by the same proposition, 

T e M^(X,P). Thus L (X,P) c: m'^(X,P ) and the result is 
X X 

established, 

3. A(P? (*i) -Buclearity : In order to be able to obtain 

analytical characterizations of X_nuclear spaces, we need 
impose certain restrictions on the sequence space X , This 
is accon^lished in the present section by choosing x to be 
the Kothe space a(P; <^) where P ^ assumed to be a nuclear 
Kothe set of increasing type in the sense that A(P) is a 
nuclear space and that the elements of P are positive increa- 
sing sequences. These conditions on P will be assumed 
throughout the rest of this chapter. We start with a lemma 
which establishes equivalence among several icinds of operators 
on Hilbert spaces, associated with a sequence space x where 
X = A (P j (j>) . • 
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Lemiiia 2.3,1 : Let and Hg be Hilbert spaces and 


1 G LCH^jHg). 

Ihen 

the following statements are equivalent 

(i) 

1 

is 

A (P;<i) )-nuclear . 

(ii) 

1 

is 

quasi^A(pj(j }-nuclear . 

(iii) 

1 

is 

of A(p; (j)_type. 

(iv) 

T* 

is 

of A(Pj 4))-type, 

(v) 

T* 

is 

A (p ; ^ )-nuclear . 

(vi) 

■I* 

is 

quasi- A(P ; iji )-nuclear , 

Proof ; ( i ) ==> 

(ii) 

is 

obvious . 


(ii) => (iii). By (ii) we have 


(*) ll2(x}ll < 2 ia<x,f >|, xGH , 

n> 1 n n • 1 

with usual restrictions on n e f 

we define the closed subspace of by 


n 


= {x G : <x,f. > = 0, i=l,2,,.,^> . 


Clearly, codim < n. By the well hnown decomposition 


theorem for Hilbert spaces, we have H = M, 


lif 


M" 

the orthogonal complement of in Since = M^, 


beii^ 


dim 1 31 , 


Let U denote as usual the closed unit ball in 
Using (*), for each x G U fl M^, we have 


jll(x)( 


2 ja-j = 


i>2H-l 


’n 


say. 


Hence 
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T(U n CZ , 

V being the closed unit ball in Hg, laking polar s aM 
applying Lenrnia of [][ll42], p. 65, we obtain 

2*(V°) c 

==> 6^(T*(V°;, U°) < n > 1. 

Since { } G A(P|<f.) (cf. C '^9 3 » P- 32) and 

= a^(l*) = 6^(1*(V°), U°), ¥ n > 1, 

by Proposition 0,6.9, we find that {a^(T)} 0 A(P;(j)}, thus 

establishing (iii). 

(iii) ==> (i). Since {a^^Cl)} e A(P; (<>) c s?-^ it 
follows that 1 is nuclear (see [[89 3» P« 138), hence 
compact and, therefore, by theorem 0.6.10, we have 

T(x) = £ a^<x,e > h , x e 

where {e^} and are orthonormal sequences in and 

Hg, respectively. But by Iheorem 0.6,11, a^(l') = a^, n 2 1 
yielding therefore that 1 is a(P; <*>)-nuclear , Ihus the 
result is completely established. 

An immediate consequence of the preceding lemma is 
contained in 

Propcpition 2,3.2 : Por an l.c, 17S X and the sequence 

a(P|(|>), the following statements are equivalents 

(i) X is l-nuclear. 
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(ii) 

For each 

u G U^, there exists v 

e 


V < u such that G 


* 

(iii) 

For each 

^ e G 

X 


(iv) 

L(X,F) = 

M^(X,F), for 

each normed 

space F, 

(v) 

IfeCX,!) = 

W^(X,Y), for 

each l.c. 

TVS Y. 

(vi) 

lt(X,Y) = 

W‘^(X,Y), for 
X 

each l.c. 

TVS Y. 


Proof : The eq.uivalence of the conditions (ii) through 
(vi) follows from Theorem 2.2,6, (The equality in the last 
three conditions follows as a consequence of the fact that 
the elements of being quasi-nuclear -be cause 

A(P; cz S- - are a fortiori precompact operators). Also 
(i)<==> (ii) follows from Lemma 2,3,1, for, under each of 
the conditions (i) and (ii), is a liilbert space for each 
u G U^(cf, Proposition 0.5,4). 

The foregoing result generalizes a similar result on 
nuclear spaces proved in []97]], p, 97, 

Remar li : The condition (iv) in the foregoing result cannot 
be strengthened to the case when P is replaced by an 
arbitrary l.c, T7S Y, as is testified by the following example. 

Example 2.3,3 ; Let X be an infinite dimensional a(P)- 
nuclear space, A (P ) being a nuclear G^-space. The identity 
mapping i;X -* X being continuous, is not quasi- a(P )- nuclear 
for, otherwise, i would have to be precoa 5 )act and, therefore, 

X would be finite dimensional by Theorem 0.2.7, which is 
contrary to our hypothesis on X, 
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We are now ready to prove the crucial 

gheorem 2.3,4 : Ihe following statements for an l,c, !E7S X 
are equivalent: 

(i) X is A(P; (^)_naclear . 

(ii) For every uG there exist ^ A(P;<f») 

and an equicontinuous sequence {fj^} czX* 
such that 




(iii) 


P„(x) < Z j ? <x,f >j , ¥ X e X. 

^ n>l ^ ^ 

go every u e there corresponds 

V G V < u such that {6j^(v,u)} G A(Pj«^)). 


FnoQf (i) ==> (ii) : By the hypothesis, to each u G 
there corresponds v G v < u such that the map 


u 


X - X 
Y a 


is A(P 5 <‘,)_nuclear and, therefore, quasi-A(P j <))-nuclear , Thus 
there exist g A(P| <>) and an equicontinuous sequence 

tfjj) c (X^)* = CJq)* S 2*(u°) saoh that 


==> ^ I e 

(ii) ==> (iii).. For u e the space X^^ can be 

considered a Hilbert space since X is a nuclear space by 
virtue of (ii) (see []89^, Proposition 4,14), Also there 

■ ""O’ 

exists V G such that v , Consider the map 
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Then (*■*■} implies that 



X 


V 



where Hence is q_uasi- A(P; (^)-nucleai* 

and, therefore, by Lemma 2.3.1, is of A(P;<Ji )-type , 

Since by Proposition 0.6.9, we 

conclude that. {6^(v,u)} 6 A(P;b). 

(iii) ==> (i). We have { 6^(v,u) } eA(P;(j)) c 

Thus X is nucleac by jZ llO^l » p« 15 and, therefore, the 
mapping is nuclear and hence compact. Since X^^ is 

a Hilbert space for each u e U^, we have, by Proposition 
0.6.9, is of A(P;b)-type and, 

therefore, A(P; ,*,)-nuclear by Lemma 2.3.1, This establishes 
the a(P| ij) )-nuclearity of X. 


Remark : The equivalence (i) <~> (ii) also follows from 

[^ 793 , Proposition 2.4.2 and the remark following it where 

i 

a(P 5 (|)) is replaced by any normal sequence space x c 8, , 

Purther restrictions on the power set P j In this sub-section 
we establish certain results on the characterisation of 
a(P; )-nuciear spaces which are obtained by putting some 
additional constraints on P or ^ • In the present situation 
we restrict P to be a nuclear power set of infinite typ e ■ 

We start with the following result where the character of 
P yields an alternative criterion for the a(P; ^)-nuclearity 
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(of an l.c, !I!?S) which is slightly different from that 
given in the previous theorem. 

Proposition 2,3.5 : In l.c, INS X is A(P; <}))-naclear if and 
only if for each p e 1?^, there exist c G A(P;(|)) and an 
equicontinuous sequence { f ^ } c: X* such that the inequality 


p(x) < sup { <x,f >1 } , 

n>l “ ^ 

is valid for each x G X, 

proof ; Ihe sufficiency part follows trivially from theorem 
2,3,4. To prove the necessity part, we again appeal to 
Theorem 2.3.4 to get, for each p G an equi continue us 

sequence { c X* and ^ ^ ® A(Pj(})} such that 


In virtue of the above inequality, it suffices to show that 
{n^X^ } G A(P|^)) for each k > 1. Indeed, using 
Proposition 0.5,9, we get, corresponding to each k > 1, some 
p G P and M > 0 such that 

n^ < M P^, ¥ n > 1, 

* — H 

Now for a G p i i^ave 


2 

n>l 




<H £ ♦(P„l) 
n>l 


^n ®'n 


< M 2 ^ ( 1 ^^1 )Oy, < “ 

n>l ^ 


f 
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where ^ 2. ^ some c e P, hy the G^-character 

of P. Therefore, it follows that { 2a^X^ } G A(P;^) and 
this completes the proof. 

Before we prove our next result, we make the following 
definition. 

Definition 2.3.6 : Let X he an l.c. TVS. A set A c: 
is said to he uniformly contained in A(xj-the diametral 
dimension of X-provided for each u e there exists 

V e U , V < u such that lim x^6^(v,u) = 0, for each xGA, 

oo B. Xl 

A characterisation of A(p )_nuclearity of an l.c. TVS in 
terms of its diametral dimension is contained in 

Proposit ion 2.3.7 : An l.c. TVS X is A (P)— nuclear if and 
only if P is uniformly contained in a(X). 

P roof : Suppose X is A(p )-.nuclear , Let u G By 

Theorem 2.3.4, there exists v G v < u such that 

{6^(v,u)} G A (P), that is 

2 6^(v,u) a„<°°, ¥a6P. 

n>l “ ^ 

In particular, we have lim 6 (v, u) = Oj Xor each a G P, 

n-*°° 

yielding that P is uniformly contained in A(X). 

Gonversely, let P he uniformly contained in a(X), 

Thus for each u G there exists v G v < u such 

that for each a G P, there exists M > 0 satisfying 

an6jj(v,u) < im>l. 
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Choose h 6 P arbitrarily. By the nuclearity of a(P), 

we get c G P with S 1/c < 0 °. How the I -character 

n>l 

of P yields an element a G P such that b^c^ < a^, 
for n >_ 1, therefore, 

< 6^Ct,u) ¥ n > 1 

nL '"n ^ “ 

=> {Sji^VjU)} G a(P). 

Appealing to Iheorem 2,3.4, we find that X is A(P}-nuclear . 

Definition 2,3,8 : let X and Y be l,c, TVS over the same 

field IK and x an arbitrary sequence space. A bilinear 
form B;X x Y -* IK is said to be X - nuclear provided there 
exist S={?^}G X,an equicontinuous sequence c: X* 

and a sequence f ^ Y* satisfying {<y,g^>} G x’^ for each 
y G Y, such that B can be expressed as 

B(x,y) = I ?/x,f ><y,g >, ¥ X G X, y G Y. 

n>l ^ ^ ^ 

It is Isnown ({l89]], p. 116) that an l.c, TVS X is 
nuclear if and only if for eaoh Banach space P, all continuous 

bilinear forms on X x P are nuclear j it being understood 

that a nuclear bilinear form is nothing but a X-nuclear 

bilinear form for X = £ , Por a class of sequence spaces 

1 

X ^ i , we have the following characterisation of x-nuclear 
spaces in terms of continuous bilinear forms. In the rest 
of this section we assunB that # satisfies the (additional) 


condition 
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(i) There exist M(=M^) >1 and e such 
that (j)(ft) < ¥ t e Qj,t^;. 

This condition yields the conclusion; A(P;4) ; c;A(Pj(|)}. A(P;!i)). 
Indeed, using Lemma 2,10 of we find that {x^} G a(P) 

if {x^} G A(P), Thus if x G A(P;<j), then {<j)(M|x^l)} 
and, therefore, { YiJ) (Mj ) } belongs to a(P). Using the 
(a) - condition and the fact that x^ -► 0, we find that 
' {^(■fjx^l ') } G a(P) so that {f|Xj^| } G and, therefore, 

a(P; c A(p< <j)). A(P;$). 

We are now ready to prove the main result of this 
subsection in 


TIb orem 2,3,9 ( Kernel Theorem ) : An l.c, TVS X is a(P; 4>)- 
nuclear if and only if for each Banach space P, every 
continuous bilinear form cn X x P is A(P;<f) )-nuclear , 


proof ( Necessity ) : This follows from [^333 » Theorem 2,13, 
( Sufficiency ) : Let u G be arbitrarily chosen. Consider 

the Banach space X*(u°) and define a bilinear form 

B:X X X*(u°) - 3K 



B(x,a) = <x,a>, x 6 X, a G X*(u®), 


How 


lB(x,a)l = l<x,a>j = 1< , FTiJ ^ o^^^ 

< pj<^h ^ aex*(u°), 

11 
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giving thereby the continuity of B. Ifence, by the given 
hypothesis we have 

(*) B(x,a) = c^<x,f^><a,g^>, x G X, a G X*(u°), 

where ® { f ^ } c X* is equi continue us and 

{g^ } c (X*(u°))* with {<a,g^>} G for each 

a G X*(u ), By the remark preceding this theorem, we have 
a(P?<?) c a(Pj 4)). A(P|(t,}* fhus there exist x ,n G A(l>j^>) 

?n ” ^n’^n* ^ 2, ^ and, therefore, (*) yields the inequality 

l<x,a>l < ^2^ jx^<x,f^_> n^<a,g^>l, x G X, a G X*(u°) 

2 ^ ^nP o^^n^^ ,¥xGX, aGu 

XI/ -L IX 

where 

P*o(Sn) = 
u aGuO 

Hence 

sup |<x,a>l < 2 lx <x,f > Ti !p* (g ), ¥ X G X, 

aGu^ n>l ^ u 

(**) ==> P„(x) < 2 ix„<x,f>l, ¥xGX 

^ n>l ^ ^ 

with 

u 

H ow . 

{<a, n^g^>} = {^<atg^>}e A(P;<J> )•[] A(Pj <})) ^ c£ , 
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for each a G X*(u°)j therefore, using the Banach-Steinhaus 
Theorem (cf. also Theorem 0,2,3), {n^S^} c (X*(u°))'* is 

equicontinuous . Thus, using the fact that is eq.ui_ 

continuous, the inequality 

suggests that {f^}c:X* is equi continue us. Invoicing Theorem 

2.3.4, the (**) condition yields the a(P;<J> )-nuclearity and 
therefore the A(P; (j))-nuclearity of X. 



CHAPTER 3 


X- FJOLBARITY ® SOME COICRETE SPACES 

1, Intro duct ian : TMs chapter is mainly devoted to the 

investigation of x-nuclearity of some spaces in certain 
concrete situations* Essentially we study in this ch^ter 
the A(P^; ^)-.nuclearity of Kothe sequence spaces and the 
spaces of linear operators* Here the results of the previous 
chapter are exploited to determine new conditions for the 

A, 

A(P^; )-nuclearity of these locally convex ^aces* In 
particular we prove the Grothendiec]&-Pietsch-Kothe type 
criterion in its most general form, which leads to the noticaa 
of uniform A (P^;<))-.nuclearity of Kothe spaces* Apart from 
this, we also study the ^)-nuclearity of some sequence 

spaces of infinite and finite type. 

In Section 2, we consider the space L^(XjY) of conti^- 
nuous linear operators endowed with the so-called *x-'topology* 
which is obtained by gluing together the locally convex 
topologies of X and X , Though there is a good deal of 
literature presently available on the A-nuclearity of L(X,Y) 
when equipped with a topology of uniform convergence (see, 
for instance nothing seems to be known on the 

A-nuclearity of L (X,Y) even when A = This is accom- 

A 

plished in Section 3 of this chapter where it is shown that 
tlte A-nuclearity of these spaces is solely determined by the 
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behaviour of the sequence space \ which is used to define 
the ’X -topology* on l(X,Y). As in Chapter 2, will 
throughout stand for an arbitrary nuclear Kothe set of 
increasing type . 

2. A (f p ; ^ )- huclearity of Kothe Spaces s As has already 
been remarked in Chapter 2» it is not easy to characterize 
the x-nuclearity of an operator unless we particularize the 
sequence space X or the spaces or the operator in question. 
However, it turns out that for diagonal operators acting 
between specific sequence spaces, the situation is entirely 
different. We recall that a diagonal operator D: X - u 
defined by a sequence { d^; n>^l } of scalars is a mapping 
given by D(x) = { } , x 6 X. . Below we prove that a 
X— nuclear diagonal map on ST into itself (where X = A(Pj^;<i>)) 
can be completely characterized in terms of the diagonal 
elements d^, n>_l, Phis result is then used to prove the 
Grothendieck-Pietsch-Kothe criterion for the A(p^;c^}- 
nuclearity of Kothe spaces. 

1 1 

prop osition 3,2.1 i A diagonal map !):«.— s, determined 
by a sequence {d^; n^l } , (d^ 0) is a(P^; <>)-nuclear if 
and only if there exists an injection nsH-* H with 

) = { n G 3N ; d^ / 0 > such that { d^^^^ } G a(Pq;c|> ). 

Proof (Necessity) j Assume that D(x) = S X„<x,a^^^>y^“'\ 

— n>l 

X G , with usual restrictions on {x^^ } , {a^^-^} and 
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Since a(P^;i> ) c D is nuclear and hence 
con^aci. ihus it follows that *^3^ ^ Indeed, using a 

characterisation of compact sets in (cf. L 58]] , p, 108 
, p, 282 ), we find that 

'^n = 1"^! = .? I^i®il < sup 2 s ^ l^il 


yeu i>n 


yeD(TJ) i>n 


1 

where U denotes the closed unit ball in a and, therefore, 

lim cL < lim sup 2 {y. [ = 0. 

n-«>o n-*" ye2)(U) i^n ^ 

Hence we can find an injection msIH-* 3H such that 

- \(2) ^ *^71(3) ■^*••2. '^7t(n) > ••• • 

1 1 

How for an arbitrary 1 e > £ )» we have by 

virtue of theorem 0*2,1, 


n-1 


(i)N ..(i) 


where a^^^ G y''^"’ 6 t with j X^l < l|llj, j | a'*'^ < 1, 

i 1 < 1» 1 < J 

i 1^1 1 1 


l(x) = 2 XXxja'^-^O y'‘-^S x G £ 

i=l ^ 

li) 


(Di 


1 ®^y 2c G ^ with 


(^) 


Mi l > -|ll)(x) - a}(x)|l 

n-1 


= 1 1 { Vfc- } t 1 1 . 


Let .,c„ } be a solution of the system of equations 


,(i) 





69 


satisfying 


n 
' 2 
1&=1 



f f W0 *t at^S TT “ r "y 1 "1“ o Vi 

{X^} to be a sequence defined by 
q , If i = ,[( 3 ;, 1 < 3 < n 

= { 

0 , otherwise 

f 

then X e U and 




2 

h=l 



n 

2 




Of i£loi-l. 


Consequently, from (») we obtain 


n 

— 7i(n) ~ ^7i(n)* 

and since this inequality is true for any f £ p ^ 
we get 

“n lllVIJI > ¥ n = l,s 

By the normality of it follows that e a(P„;«) 

beoaasa {ajj(D)} s A(P„;«) by £ 79 Ij , p . 32. 

sufflolena; , Suppose that } 6 a(P^; for 3 ore 

injection n!lH-*IB. If we set 

*4= (ne ffl! 0} , 
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then we have 

D(x) = 2 <Dx, e^>e“ = 2 

n>l 1^1 ^ ^ 

= 2 = 2 <Dx,e“> e“ 

nGM, ^ neM, 

CL d 

= £ = Z a 

neM^ ny 

where we have used the fact that { e^; e^> is an uncondi- 
tional base for Since a(Pq?<)} and 

= 1 for n > 1, it follows that D is aCP^; <>)- 

nuclear, 

She Grothendiedc-Pietsch-Kothe criterion for theA(P^ 5 <j)- 
nuclearity of Kothe sequence spaces is contained in 

' Theorem 3.2.2 : A Kothe space A(P) is a(Pj^; )-nuclear 

if and only if to every a 8 P, there correspond b e P 

and an injection tc:®— UN vvith tc(IN ) = { n e 3N : 0 } 

such that 


{ 




Proof : By definition, A(p) is a (P^;*!) ) -nuclear if and 
only if for every • a G P, there exists b G P with b _> a 
such that the canonical mapping 


*b 

J 

a 


A, - 


is A (P^; (^)-nuclear. 


Here 
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and A, and A 
D a 


= , A = .M?) 

p^o) ^ 

b ^ 

denote their completions. 


let 


= {n e IN : 0 } . 

It is well known that a^ and are isomorphically 

identified via the isomorphism which is the unique conbinuoii 

extension of ^ , where y : a -► jtf is given by 

cx SL 3, 3, 

^ 3 ^(x) = {a^x^ },xe Ag^jx = x+ker p^, 

and 

1 1 

£SXn=0» ¥n^Mg_}, 

Put ° ^ ° ^b^* ^a * ^b 4 ^ diagonal 

transformation determined by the sequence { ^} • Now 

^n ^ 

is A (P Q ; !> )-nuclear if and only if is aCPq;^) )-nuclear , 

But this is equivalent to the assertion that the associated 
b 1 1 

diagonal map i determined by the same sequence 

{a^/b^ } 9 is a(P^; 4 i )-nuclear , ^plying the foregoing result, 

we find that there exists an injection 7 i:IK - M with 

a 

71 (IK ) = {ne3N; ^^0}, such that 


7t(n) 

Since n e x(IN ) if and only if a^b^ ^ 0, the result is 
completely established. 
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The above result motivates the following definition: 

■Dbtini t ion 3,2»3 : A Kothe space is said to be 

uniformly A(P^j^ )-nuclear provided there exists a (universal) 

permutation % G P(IN ) such that for each a G P, there 

exists b G P, b > a satisfying } g A(p ; d ). 

n(n) ° 

It can be easily verified (see Theorem 3.2*4, below) 

A, 

that uniform A(p^; (;))-nuclearity of a Kothe space implies its 
A(Pq; )-nuclearity. It is proved in [[96]]| that for a stable 
nuclear G^-space A(P^), these two notions are equivalent 
for metrizable Kothe spaces a(P)i provided is the identity 

function on IR'*’, Below we prove that these two notions are 
the same in the case of smooth sequence spaces of either type. 

Theorem 3.2.4 : The following conditions on a G^-space A(p) 
are equivalent: 

(i) A(P) is A(P^;<> )-nuclear , 

(ii) Por every a G P, there exists c G P, c _> a 

such that { ^ ® a(PqI4(), 

(iii) There exists a G P with {1/a^} G A(P^;({)). 

(iv) a(P) is uniformly a(Pq; ij) )-nuclear . 

proof (i) ==> (ii). Let a G P. By Theorem 2.3.4, there 
exists c G P, c > a such that {6„(u,,u )} G A(P -o). 

Let 

in ^ ^ • 
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For X G L^f we have 


Po(-) = ^ 




Therefore, for x G fl l^, we obtain 


3 l . a. 

(~ x) = ^ p (x) < 1 
° °n ° 


^ ('"a" V “c • 

By Theorem 0.6.12, we get 6„(u ,u ) > ~ , ¥ n > 1, 

I Xl C 3, •“ ^X1 

==> {^}e aCp^h). 


(ii) ==> (iii). This is obvious. 

(iii) ==> (iv) . Let a G P. There exists c G P 

with { 1/c^ } G a(Pq;^>). Also, there exists d G P such that 
d > a, d > c and, therefore, { } 0 aCP^;^). For a G P, 
there exists b G P with a^ < b^, n > 1. This leads to the 
assertion that {^>G so that a(P) is uniformly 

a(P^; ^)-nuclear, 

(iv) => (i). The given ly^pothesis suggests the 
existence of a permutation Q PC3N ) such that to each 
a G P, there corresponds b G P satisfying 

^it,(n) 

ii^(n) 
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The, implication follows triTially if a 0 sp {e^; n>l } . 

Suppose a sp { e^j • In this case the set 

M = { n G I ®-ii ^ ^ ^ infinite • Thus we can arrange 
the set (M) as an. increasing sequence { n^,ng, , . , ,nj^, . , , } 

We now define the injection a : 3N- IH by c(k) = n^, k G 3N , 
so that a (ffi ) = (M) and a is an increasing map* Also 

a^ 7 ^ 0 <==> n 0 M <==> = n^^^ for some m G IH<==> 7 t^^(n) 

= a(m) <==> n = 7t^a(m} <==> n G k^^oCIN)* Therefore, if we 
define the injection 71:21 -* lU by 7 t;(n) = Tc^oCn), we obtain 
7 i(I 1!J ) = {nG2J:a^ji^0)* In view of Theorem 3.2*2, the 
result is completely established if we show that 


£ A(p ;^)j and this follows from the fact that 0 
^^(n) ° 

is increasing and that the inequality 


ii>l 7x(n) 


n 


E 

n>l 


\^o(n) 


■%A^) 

c < E T--* 

■" n>l % 3 ^(n) 


n 


< 


00 


j 


is valid for each c G P . 

o 


Theorem 3,2,5 : The following statements for a G^- space 
a(Q) are equivalent: 

Ai» 

(i) A(Q) is A(P^; 41 )-nuclear . 

(ii) Q c a(Pq ;4 ). 

(iii) A(Q) is uniformly A (P^^;4 }-nuclear . 

Proof (i) => (ii) : let a G Q* By Theorem 2*3*4, we 
have G A(P^; 4 ) for some b G Q, b > a. As 
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in the previous theorem, we get, for each 
sp { inequality 


Pb(^) < ^ 


X G 



which leads to the inclusion 


4 


n 


a 


n' 


Uv 


Using theorem 0,6*12, we obtain 

^n^^» ^ ^ ^ ^ 

==> a e a(P^;#) 

==> Q A(P^;4>).. 

(ii) ==> (iii). Let a G Q» There exists b G Q with i 

— ^n^ ^ 2l Since b G Qc a(PqJ$), we get ® a(PqJ^] 

* n 

so that A(Q) is uniformly A(P^;<j) )-nuclear, 

(iii) ~> (i). This is proved in the preceding theorem, 

3. Spaces Of Linear Operators j In this section we investi- 
gate the A (P^;<j) )-nuclearity of the space L(X,Y) of conti- 
nuous linear operators when it is equipped with a ‘x-topology* 
introduced earlier by De Grande-De Kimpe £23]]} and which 
besides other important cases, includes the well Icnown 
‘ultrastrong’ topology considered by J. von leumann £ l07£» 


Given a locally convex space X and a sequence space X , 
equipped with a normal topology as defined in ghaptay 0 and 
which is compatible with <X,X^>, we define tte generalized 
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sequence space xCx) 6y 

X{X}={ 5 = {x^}: e X, e X, ¥ U e 

2he space x{X} will be assumed to carry with it the locally 
convex topology generated by the family { % s 6 s , u 6 ) 

S U. JL 

of seminorms on X{ X > , where 


= Ps II(Pu(V’Il. 5 e MX}. 

We now define L (X,I) to be tl» space l(X,l) equipped 

A 

with the locally convex *x -topology * obtained by the genera- 
ting family {7i;_ jxG x{X},se S ,ue Uy}of sercd- 
x,s,u ^ 

norms, voters 


(*) = %,a C(I(V>3 

X > s 5 u 


= PsHtP^CaCnUIl. ® e 1(2, Y). 


She following result on the topological dual of L (X,T) 
under its x -topology will be used in the proof of our main 
result (see P« 172) • 

P roposit ion 3.3.1 : fhe topological dual of t (X,Y) can be 

A 

identified with the space of all those linear functionals x 
that can be written in the form 


x(f) = 2 a < f(x ), g > , f e l(x,y) , 

n>l n n 

with X^ j X{X} and the sequence {&^} cz I* 

is equicontinuous. 
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It may be noted that the aforementioned result remains 
valid in the more general case when \ is equipped with a 
locally convex topology in which X is an AK-space (cf. 
Proposition 0,4,4), 

Ms are now ready to prove 


Iheorem 3.3,2 ; Por every seq.uence space (x,^) which is 
I ^j-rixioLeeXf the space L -(X,!) is always A (P^;<j))- 

^ AO 

nuclear. 


Proof ; Consider ah arbitrary seminorm on Lj^(X,Y) by fixing 
xG X{X},uG Uj and s G S , Ihen using Theorem 2,3,4, 
we have 


( 1 ) = 

x,s,u 


< 


Pg C{Pu^^n^>Il 

,2 lXj_ < {p^^(lx^)}, 2 e L (X,I) 


where { x^} G A(P^;(j)) and X* = x’' is equiconti- 

nuous. By the Eahn-Banach theorem, we can select an 
equicontinuous sequence such that = 

j<lXn>in^i> ^ Therefore the foregoii^ inequality 

leads to 


(T) < 1 

x,s,u i>l 


= 1 
i^l 


= Z 
i>l 


IHU VI |4^^1 

bilcll V 4^^ 1) 


) 
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where g^i) = gd) ^(i) 


^IX ‘"n -“n 

n it'ji 


With |p(i)| , aUl, „ > 1. 


SXIlC0 

j e i for each i > i, ty 

mentioned above, we find fhoi- 

term in th f aeoord 

the foregorrg i^e^uality repreeente a oc.ti.uou3 

Ixnear functional, aay P. on u (X Y) t > , . 

of theorem 2 ^ a ^ ^ view 

heorem g,3.4 we are done if we show that {P, , i, 

equicortinuous on L (X Y) on/i +-v.- ■ ^ 

aoltievea through the 

following argument j . 

Ihe equicontinuity of f • t 

•y 1 f } on X yields some 385 

t for each v e # / "V \ 


so that for each I e L^(X,Y), „e have 


= I j pCi) ( (ij 
ns-l n '•nn 


n^l 


< lx , 

n* 


VJI 


< P3 f >,„ ) 


n -^n 


- sup 1 ja <Ix ,f > 
aGs n>l ^ n'^ 

= sup 2 Iq, jp / (jL % 
aGs n>l ‘ 

(ij, for each 


= n 


x,s,u 

and we are finished with the proof. 


i > 1 
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^ - bases ih locall y convex spaces 

1* Introduction : Ihe relationship of nuclearity of a 
locally convex space with its Schauder base is well Imown in 
the theory of nuclear spaces. Importance and further study 
of these spaces have led to their generalizations as ^-nuclear 
spaces. On the other hand, the significance of the absolute 
character of a Schauder base has been fully realized in view 
of its impact on the nuclear structure of a Erechet space. 
Conseq.uently, this notion of a base has become a subject of 
much interest and recent investigations, resulting in its 
further dissection and generalization to X-bases 
This aforementioned development in the theory of locally 
convex spaces poses a natural question - motivated by the 
theory of Schauder bases in nuclear spaces - worth investiga- 
ting, namely * ’ how X-nuclearity of a space could be effectively 
related to the behaviour of a X-base present there*’, lo be in 
a position to answer this question in as much generality as 
possible, there has to be available a well developed theory 
of X-bases in locally convex spaces, necessary to have an 
insight into the behaviour and the iiipact of X-bases on the 
structure of the underlying locally convex space. The 
earlier work in this direction has been carried out in Zsi2 
followed by that of De Grande-Be Kimpe where the notion 
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of a X-tase was first introduced and subsequently investigated* 

In order to answer the question mentioned in the preceding 
lines, we start with an introduction to several notions of 
X-bases in Section 2 and pay a good deal of attention to finding 
the basic properties of 'x-bases’ and their interrelationships* 
Section 3 deals with the results concerning the impact of 
X-bases on the structure of the underlying space* We conclude 
this chapter with Section 4 where a special type of X.hases, 
namely the Q-fully x-bases have been singled out for further 
investigation , Ihis section also incorporates several results 
on the characterisation of Q-fully x-bases in i'rechet spaces* 
Ihese results will be subsequently used in Chapter 5 to settle 
the question posed in the preceding paragraph. 

2. X - Bases : Before we embark upon a discussion of X-bases 
in locally convex spaces, we need some preparation. Suppose 
{Xn^^n ) is S' Schauder base for an l*c* IVS X and X is an 
arbitrary sequence space* Define 

X 

A = n r* » P* = { p(x ) } 
pG ^ 

and 

n 

Y ={{a. }: a- e 3K , { I a. x } is Cauchy in X} • 

Purther, we sayr that a sequence space X satisfies the 
(K)- propert.Y provided its Kothe dual X*^ contains an element 
>> 0 with inf = k > 0, 
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♦ I’fc follows tic Ivi ally that every seq^uehce space 
satisfying the (K)-property is contained in and 

conversely. In particular every G-^-space satisfies the 
(K)-property, Of course, there are non-perfect sequence 
spaces possessing the (K)-property; for instance, one may 
consider the spaces s,'^,0<p<l. 

We are now in a position to introduce 

Definition 4,2.1 : Let X he an l.c. TVS, {x^; f^} a 

Schauder base for X and x an arbitrary sequence space, 
equipped with its normal topology n(x,X^). Ihen 
is said to be a 

(i) semi -x -base , if for each p e the mapping 

’i'p:X - X is well defined where 

YpCx) = {p(x^) f^(x)}, X G X. 

(ii) pre- x -base , if for each p 6 the mapping 

Y-» X is well defined where 

^p(a) = {Un f ^^n^ ^ ® ^ • 

(iii) x- base , if & c 6 and for each p G p^, the 

mapping :X — X is well defined, 

P • 

(iv) x- pre-KBthe base , if it is a p re- X -base and 
y :X -* ^ is continuous. 

ir 

(v) X- Kothe base , if it is x-pre Kothe and a 


X-base, and 
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(Vi) £U112-J_^e, if it is a semi-i-base and 
for each p e the mapping _ j 

is continuous. 

It ie easy to see that the aboye definitions can be 
reformulated in the form of 


4.2.2 : With the same 

4.2,1 above, we say that {v • f 

n* ^n 


notation as 
y satisfies 


in Definition 


(i) <==> 6 c A , 

(ii) <==> Y c A . 

(iii) <==> 6 = A , 

(iv) < > Y cz A sexninorm Q is 

continuous on X; where for each p e P , 

ye a", ^ 


x e X. 

(■v) < > satisfies (iii) atid (iv). 

(/_) < > satisfies (i) and ^ ^ with 

P e and ye x’' is a continuous 
seminorm on x. 


^ {x„; f^} in an l.o. WS 

be a Q-semi x-base (resp. Q-gre x -base . Q-X -base . 
Q-X-Ere i^he base, Q-x-Ktte base. Q-fuii^ x-W) provided 

there exists a permutation me P(I() such that {x, ,-f 

satisfies (i) (resn riiM /• \ / \ ^i(n)* 7 i(n) 

ix; ^.resp. (11), (ill), (;lv), (it) and (vi)) of 

Definition 4,2,1, 
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q.uite many statements of reqal +-c, i.- ^ 

results winch follow, 

the use of an arbitrary sequence space > ■? ^ 

^ ^ IS frequent and 

implicit, although we do hot mention it every time. if „e 

restrict x anyway, 3hall specify the same explicitly. 

A natural question that immediately arlaes as a result 
of the above definitions, is the independence and interrela- 
tionships, if any, of the foregoing several notions of 
«x_bases*. Concerning the latter, we have 

proposition 4.S.4 = let z be an l.c. Ws possessing a 

Schauder base {x„; f^ , , then we have the following Implloaticn 
diagram; 


( iii ) 


-> (iv) 

i 

(ii) 


— > (vi) 

J 

-> ( 1 ) 


The simple proof of those implications is omitted. 

Oonoernlng the reverse implications in the foregoing 

W8 liavo "tiiB following fwo Posul'ts* 

PrpEpsitlon 4.2.5 : Let z l>e a sequentially complete 

1.0. TVS possessing a Schauder base fx . f , 

n’ n ^ • Iben 

(a) (i) <==> (ii), 

(b) (iv) <— > (vi), 

and if, in addition, X satisfies the (K)-property, then 

(c) (i) <=> (iii). 
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(aj : Let a G y • Since X is sequentially complete 

the series E cc. x. defines an element x in X. Thus 
i>l 

“n ~ ^ 1 therefore, by (i), {a^ p(x^) > G X 

so that y - X is well defined for each p G Vy, 

P X 

(b) Ihe proof follows from (a). 

(c) By Proposition 4.2.5, we have (iii) => (i). So 

complete the proof we show that £ c 6 . Thus if a G & , 

then {a^p(x^) } G x for each p G Hence, using the 

(K)-property, we find that the series E 0 Cn 2 :„ is absolutely 

n>l ^ ^ 

convergent in X and, therefore, x = E a^x^ for some x 6 X. 

n>l 

Ihus a = {a^}= G 6. 

Proposition 4.2.6 : Let X be a Mackey S-space possessing 
a Schauder base Ihen 

(a) (i) <— > (vi). 

(b) (ii) <==> (iv). 

Proof (a) ; In view of Proposition 4.2.4, it suffices to 
establish the implication (i) ==> (vi). Recall the sequence 
spaces 6 and ^ introduced in Chapter 0, Then we have 

(*) n = 6^ . 

Indeed, the inclusion y c: 6^ is straightforward in view of 

the fact that for each f G X*, the series E f(x„) f^(x) 

n>l . . 

converges for each x G X. Por showing the reverse inclusion, 
let a G 6^. Since the nth sections of a lie in p 
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and -* a in (6^ , 0(6^ ,6 )), it follows that ' is 

Cauchy in (y»0(ii»6))* Sines (X*j0(X*jXj} and Cy>0(p»^^) 
are topologically isomorphic, it follows from the sequential 
completeness of (X*,0(X*,X)) that there exists an a* 6 p 
such that - a* in (p,0(y,6)). Ihus { a^} = {a*} , 

giving a e p and, therefore, 6^ c: p , Hence (*) is 
verif ied , 

Returning to the proof of (vi), it suffices to show 
that f I X -* X is 0 (X,X*)-0( ) continuous (see 

ir 

Proposition 0 , 2 * 8 ) because X is already a Mackey space 

and that n(x,x’') c t(X,X^ ), by virtue of Theorem 0 , 2,5 

and Proposition 0 , 3 , 3 , Thus, let y 6 X^ be arbitrarily 

chosen. By (i), the series 2 x. converges 

i>l ^ ^ ^ 

for each x 6 X. Hence {p(x^} y^} G 6^ and using (*), 
there exists f G X* such that f(x^) = p(x^) y^» 

Thus for each x G X, we have 

I 2 p(x.) ^i(x)y.l = i i f(x-)f.(x}j = |f(x)l, 

i^l J- X i X 

establishing, therefore, the 0(X,X*)- o(x,X^) continuity 
of Wp. This completes the proof of (a). 

(b) Here once again, it is sufficient to prove that 
(ii) — > (iv). Since (ii) ==> (i), the continuity of 
can be proved as in (a), (i) ==> (ii) above. This leads 
to the implication (ii) ==> (iv) and the result is completely 
established. 
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• -iie line of proof of (i) ==> (vi) is almost similaJC 
to that of [I 24 , p , 511j however, we have included its 

proof for the sake of couplet eness* 

Remark ; Concerning the independence of these several notions 

of X-bases, we shall not linger on the same in the setting 

of the present more general case; however, when X = one 

can find several examples in [3^3 [I 57 ][] » distijaguishing 

1 

one t 3 rpe of an * -base’ from another. 

We conclude this section with the following result which 
provides an analytical characterisation of fully- x-bases 
when X is assumed to be nuclear in its natural topology 
n(x,x’'). 

Proposition 4,2,7 : Let (x»n(x,x’‘)) be a perfect nuclear 

sequence space. Then a Schauder base {x^;f^}in an 
l.c, IVS X is a f ully-X -base if and only if to each p Q 
and y e X^_^, there corresponds q 6 such that 

sup {lf^(x)| p(x^) y^ } < q(x} , ■¥ X e X. 

Proof : We prove only tte ’’if’’ part, the ’’only if’’ part 

being obvious. Let, therefore, p G and y G x^ 

arbitrarily chosen, Phe nuclear! ty of (x>n(XfX^ )) yields 

some z G x^ such that M = L (ci« Proposition 

+ n>l “ ^ 

G.5,7), By the given hypothesis, we can find q 6 

such that 
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sup { |f (x)| p(x )z } < q(x), X e X, 
n>l ^ 


Since the ineq.u.ality 




is valid for each x G X, the continuity of 7 is verified 
and as X is perfect, {f^(x)p(x^)} G X . Hence {x„;f„} 


n 


n n 


is a fully- x-base for X and the proof is completed, 


Remark : It follows from the proof of the above proposition 

that if X is an arbitrary seq.uence space, then a semi-X-base 
{Xnjfn^ ^ IVS X is a fully-x-base if and only if 

for each p G and y G x^, there exists q. G 

such that 

sup {lfj^(x)l p(x^)^ < q(x), ¥ X e X. 


Impact Of x -3ases i 'The restriction of the (K)-property 
on a given sequence space x yields several interesting 
applications of x-bases; indeed, these applications reveal 
the impact which the ^-bases carry on the structure of the 
underlying locally convex space. Without further reference, 
it will be understood t hroughout the rest of this section 
that the sequence space occurring Jr any result , possesses 
the (K)- property , We now begin with 


Proposition 4.3.1 : Let X be a sequentially complete 
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l.c. TVS liaving a fully-X-base >. !Phen X can be 

(topologically) identified with a Kothe space where 

the Eothe set is given by 

I’o = { ^ P^^n^^n > * P e Px’ ^ ® C ^ • 




Proof : In view of the existence of the mapping f ^ , the 
function '? sX - ^C^q) where f (x) = { fj^(x) }, x e X, 

defines a linear mapping. We proceed to show that ¥ is a 
topological isomorphism. It is clearly injective because 
{XnJfjj} is a Schauder base in X. lo prove the surjectivity 
of let a e a(Pq), Ihen for p G we have 


2 

n>_l 





2 

n>^l 


l“nl P 



Since X is seq.uentially complete, there exists x 6 X such 


that 


X 


2 

n>l 




9 


giving f(x) = { } , For proving the continuity of '? , 

let a e Pq. Ihen =p(x^)y^, n>l, for some p G 
and y G . Ihus we get 

"T 

Pc^(f(x)) = P(Xn)lfn^x}|y^ = < 4U)s X G X, 

-1 

by the continuity of Q , She continuity of f now 

Sr f V 

follows from the inequality 
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pCf^^Ca)) < 


1 

1 


2 

n>l 


a 




pC^n) 


1 

k 


P 

pS> 


a G 


A(Po) 


where p s and p denotes the seminorm on A (P ) 

P »P 

resultijig from the sequence { p(Xj^) } in P^. 

Proposition 4*3,2 ; Let X = (X,^' ) he an l.c, TVS having a 
fully-x-hase { x^;f^ } . Then and ci(X,X*) define the 
same Cauchy and convergent sequences in X, 

Proof The (K)-property of X together with the fact that 

{Xn;i^} is a fully - X-base in X suggests that the family 

{Q n* P 6 seminorms generates the topology on X 

P,P - 

equivalent to ^ . Also, since for each p G , the 

mapping 

f^ix -> X , ’?p(x) = {p(x^) f^(x)} , X G X, 

is '■'^-nCXjX^) continuous, the adjoint map : X* -* X* is 

P 

well defined. In particular, G each 

P 

^ G X* = x^ . Suppose now — 0 in 0 (X,X*). Then 

<z^\ '}’*(!;)>- 0, ¥ ? G x’' , 

==> < 'i'p(z^), c > - 0, ¥ c G 

=> (z^) - 0 in o(X,X^). 

Hence by Proposition 0,3,1, f (z^) - 0 in n(x, X ). Therefore, 

Q (a^) -* 0 for each p B a^ - 0 in and 

P,P ^ 

;he proof is completed. 
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The following result concerns the structure of continuous 
linear functionals on an l.c. TVS possessing a fully-X-base* 
More precisely, we, have 

Proposition 4,3,3 : let X be an l.c, TVS equipped with a 
fully-X-base "tile topological dual X* of 

X consists precisely of those linear functionals f on X 
that can be written in the form 

(*) f(x) = X a-J-nM* X e X 

n>l ^ ^ 

a 

where for some p G P , the sequence {— / i } G X^, 

P V r j * 

Proof ; Suppose f is a linear functional on X for which 
(*) is true. Then 

|f(x)| < X V X G X, 

n>l 

As } G X^ , there exists some p G such that 

lf(x)l < X ^nl 

n>l 

i.e., if(x)l < a(^)> X e X and, therefore, f G X*. 

P >P 

Conversely, suppose that f G X*. There exist p G 
and K > 1 such that 

< K p(x^), ¥ n > 1. 

how 

X = X f„(x) X , X G X » 
n>l ^ ^ 
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and, therefore, 


f(x} = S ^ » 

n>l ^ ^ n>l “ “ 

where a^ = ^ 2 say. We are done if we show that 


(X 

{^~-j} G and this follows from the inequality 




n>l 


where § G X is arbitrary. 

Ihe foregoing results evelope those proved in [] 56^ 

where it is also shown that a barrelled space having an 

absolute base is con^lete. She following result shows that 

a moire general form of this statement is valid (under 

somewhat mild restrictions) in case of x-bases when x is 

1 

considered to be different fromithe Lebesgue space i • 

Proposition 4.3,4 : Let X be a perfect sequence space 
and X a Mackey S-space containing a X-base. Then X is 


complete. 


Pr oof : let denote the given x-base in X. First 

of all we observe that under the given conditions, .6 is 
perfect. Indeed, let z G 6^^ , tfcen 


^ u G 6^ . 

Since 6 = A , we have 

I |f (x)y^[p(x ) < °° , ¥ X e X, y G x’^ and p G 
n>_l 
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yielding that 6 S'" , for each ye x"' and p G 

Hence 

< », ¥ y 6 X’' and p s V^. 

Therefore, e x’'"' = X for each p e P^. Thus 

z e A = 6 so that 6 is perfect, further, we have 
li = 6^ = 6^ (cf , proof of Proposition 4.2.6(a}). Hence 

(X,0(X,X*)), being topologically isomoiphic with (5, 0(6,5’' ))t 
is sequentially complete because the latter is sequentially 
complete by Proposition 0,3,2, Since {x^; f^ } is a fortiori 
a semi-X-base, it is also a fully- X-base by Proposition 
4, 2. 6(a). Thus it follows from Proposition 4,3.1 that X 

can be identified with a Kothe space ^(I’q) which is complete 
in its Kothe topology so that X itself is complete (the 
final argument for proving completeness of X may also be 
given as follows: in fact, by now we have shown that X is 
a MacKey S-space having a a (X}X*)-Schauder base such that X 
is o (X,X*) - sequentially complete; and now apply Corollary 
2.3 of |_ 55 J to get the completeness of X), 

A (P )- Bases : In the subsequent sections we shall have 

occasion to make use of 'A(P)-bases’ and some other results 
depending upon it proved earlier when A(P) is a Kothe 
sequence space. However, in such results we consider the 
Kothe topology % on a(P) rather than its normal topology. 
In general, the results on A(P)-bases involving the topology 
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cfp do not follow from the corresponding results on 
A(P)-bases when a(P) is considered to be equipped with 
its normal topology aid vice versa. But in any case, the 
methods of proof in these two sets of results follow more 
or less on similar lines and argument, ks an illustration, 
we mention the following results without proof. In the 
rest of this section, we write A for a fixed Kothe sequence 
space A(P) equipped with its Kothe topology ,jp. 

Proposition 4,3,5 j Let X be a sequentially complete 
l,c, TSfS possessing a fully- A-base where A c s?". Then X 
can be topologically identified with a Kothe space a(Pq) 
where 

= e ® a e P} . 

Proposition 4,3,6 : Let a be nuclear. Then a Schauder 

base sn l.c, I?S X is a fully- A-base if and 

only if for each p e V-^ and a G P, there exists q G V. 
such that 

< l(x}, ¥ X G X. 

4, 0 har act erisation Of Q- f ully X - Bases : Having discussed 

in length the elenBntary properties of different types of 
X-bases in the preceding sections, we now single out Q-fully 
x-bases for our special attention. Indeed, this is the 
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class of 'X-bases* which would finally be related with the 
X-nuclearity of a space in question, Ihe desired relationship 
is attained through the application of several results on the 
characterisation of Q-fully x-bases to be established in the 
present section, She main result in this context is theorem 
4,4.4 where a Q-fully x-base in a frechet space is characterized 
in terms of its dual basis* throughout this section, we tate 
X to be a perfect sequence space , unless specifically qualified ^ 

X 

and equipped with its normal topology nCXjX ) such that 
(x,Ti(x,x’‘ )) is nuclear . At this stage we also find it 
convenient to define a normal set in an l.c. TVS (X,'3^) 
possessing a Schauder base • Indeed, a set B c: x 

will be called normal provided for each a = } 6 u , 

with [a^l < 1 for n > 1, we have 


I 

n>_l 


a f (x) X 
n n^ ' n 


e B , 


whenever x G B. It is clear that the notion of a normal 
set is really meaningful vi?hen the Schauder base is assumed 
to be bounded multiplier. Thus, if this is the case, for 
each set B c; X, we define 


B = { Z a f (x) X s X e B, |a | <1, V n > 1 } , 
n>l ^ ^ ^ ^ n' - 

A A 

Clearly B e B and that B is normal in X. Before we pass 
on to the first result of this section, we male an observation 
in the form of 
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R emark : The strong topology p(X*,X) on X*, where X is 
an S-space possessing a bounded multiplier base } > 

can be considered to be a topology of uniform convergence on 
some (fundamental) collection of normal bounded sets in X. 

This follo?/s from the fact that B is bounded whenever B 
is bounded in X. Indeed, from the proof of Proposition 
4.2.6(a), we have p = 6 ^ so that a set B is bounded in X 
if and only if it is bounded in ( 6 , 0 ( 6 , 6 ’')). ind this is 
true <==> B is bounded in n( 6 , 6 ^) [^cf. Theorem 0.2.6 and j 

proposition 0.3 .3 3 "<==> B is bounded in n(6,6^ ) (by [[653 » S 
p, 413) <==> B is bounded in ( 6 , 0(6 )) . 

Pinally, if X is an l.c, TVS possessing a Schauder base 
{Xnl^n^ and x an arbitrary sequence space, we denote by 
^^(■n: 6 P(RI), a G x^), the correspondence 

= 4, - S X. i 

may not be a well defined mapping, WiTh this background, i 
we are now in a position to state and prove the first result [ 

i 

of this section in I 

Proposition 4,4,1 • Let X be an S-space, having a shrinking 
and bounded multiplier base { ♦ Consider tie following 

statements: 

(1) {f^; Jx^} is a Q-fully X-base for (X*,p(X*,X)). 

(2) There exists % G P(IN ) such that P]^sX -*■ X 
is a well defined bounded linear mapping, 
for each a G 
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(3) lilere exists % 6 PC® ) such that - X 

is a well defined continuous linear mapping 

(4) There exists tc 6 P(IS' ) such that 

ffg^xX — X is a well defined linear mapping for 
each a e 

Then the following conclusions are valid : 

(a) (3) ==> (2) => (1); (2) => (4). 

(b) For barrelled X, (4) ~> (3) and for a 
bornological space X, (2) => (3), 

(c) If X is semireflexive, then (1) => (2). 

(d) If X is a 1‘rechet reflexive space, 
then (1) <==> (2) <==> (3) <==> (4). 


P roof ; {&), (3) ==> (2). Since continuous linear mappings are 
bounded, the implication (3) ==> (2} follows trivially. 


(2) ==> (1), In view of the remark preceding this 
result, the topology p(X*,X) on X* can be thought of as 
an s-topology where S is the collection of all normal 
bounded sets in X. By the given hypothesis, we have 

B „ 6 S , for B G S and a G x’' where 

Tc,a + 


B = P'^(B) 


Let pg denote the continuous seminorm on corresponding 

to B G S . Ifence for f G X*, we have 


1 - 
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Pb “ sup {|f(x)|: X e B } 

■n:,a ' Tc,a 

WiWI> 

= Pb C,|^f(xp 

Let = f(x^)f^, n>l. Then we find that 

next, we oiserve that if pCx^)] < lg(xj^)l , 1 > 1 
f, g e X*, then for any B e S , Pg(f) < p^Cg). 
for X G B, we iiave 



I a. 
x>l ^ 


where {«-> e o) with ja-j = 1, i > i. Therefore 

that 


I 1 lg(y)lj y = a^f^(x)x^ e : 


i>l 


Lhus we get 


l^(x)l < |g(y)j < PgCg), ¥ X e B 
Pb^^^^ i PbCs)* 


In particular, since B e S 

7 t f B, 


and 


* where 
Indeed, 

(x)| |g(x^)j 

fi(x)g(Xj^)| 

it follows 
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we get the inequality 

-^B f ^ ^ > 1* 

% ^3, %f 3, 

Hence 

sup {PB[:fC^n)a,(„/„a } < Pb (f). ¥ f e X*. 

~~^ 5vi ^ ^^^^cr(n)^lPB^^a(n)^®-n ^ ¥ f G X* , 

where cr = it”^. Invoking Proposition 4.2,7, it follows that 
{f^; Jx^ } forms a Q-fully x-hase in (X*,p (X*,X} ) , 

(2) ==> (4), This is obvious. 

(b) , We show that (4) ==> (3), i.e., we show that 

the mapping P^: X -» X, which exists by virtue of (4), is 

continuous for each a G . Consider, for n G IH , the 

n 

mapping X - X, where ^ 

Clearly j each x G X. Thus, by tte 

ci 5 II 3, 

Banach-Steinhaus theorem (cf. Theorem 0,2.3), P^ is continuous 

SI 

because P^ is continuous for each n > 1, 

Sfjul ■“ 

(2) ==> (3). This follows from the fact that the 
bounded linear mappings on a bornological space are continuous. 

(c). Assume that (l) is true. Thus there exists a 
permutation o q P (IK } such that {fCx^^^^y) Pg(f } 6 X , 
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¥ f e X*. 


n>l ^ ¥ f 6 2*, 

where % = o , Ihe existence of the mapping is 

■ 3 . 

gaarenteed by an application of a result of Cook (cf* Iheorem 

0,4,2) which says that under the given hypothesis, lx ;f i is 

2 ;^ '*■ 1111 '* 

boundedly complete, how { 2 f^- (x) a 'iX-} is a bounded 

1=1 ^ 1 

sequence in Z for each x G Z, Indeed, there exists some 
B G S such that x G B and, tlierefore, using (*), the 
inequality 


n 



iPgCD.f e I* 

n 

is valid, so that { 2 f .(x) a /. \X- } is weakly bounded 

and hence bounded in the original topology of Z, Thus it 
follov\?s that for each x G X, the series 


n>i ®'K(n}^n^=^^^n 

is convergent in X so that B^:X -* X is well defined, 

3, 

To establish the boundedness of , let BBS and 

3 a 

f G X* be arbitrarily chosen. Then for x B B, we have 
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- n>l Vn) ^ 

where the last inequality follows from (*), Sherefore, 

sup {lf(l"(xj)|) IPjjCf), 

xSB ®' 

thereby establishing the boundedness of the mapping 
fJsX -* X, for each a G x% 

ci “T 

(d) Ifere the desired implications follow from (a) 
through (c), Thus the result is completely established* 

We have seen in the foregoing Proposition that under 
the same conditions on X as laid down there, the continuity 
of the maps P^:X — X (a 8 X^) where % Q P (3N), is 

^ *T 

sufficient to ensure that the dual basis {f^; be a 

Q-fully x-base in . She question as to when does this 
condition on P^’s yield the same conclusion for the Schauder 
base { x^;f^} in X, is answered by the following result for 
Pre’chet spaces* This result will be later used to prove the 
main theorem of this section. 

Proposition 4*4,2 : let X be a Prechet space having a bounded 
multiplier base { x^;f^}. Then {x^^lf^ } is a Q-fully X-base 
in X if and only if there exists a permutation ^ 8 P(iH ) 
such that P^jX -* X defines a continuous linear mapping, for 

cl . 

X 

each a 8 X , * 

-r 
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: Assume that the SchaUder base is a Q-fully 

l-base in X. ihus there exists o e P (IK ) such tiiat to each 
pep and a e there corresponds q e p v/ith 

e X , for each x 6 X and 

< qt:!), ¥ X e 2 

_P 

where 7 t = a , She foregoing inequality yields the existence 
and continuity of because for each p e P , we have 

p(P^(x)) < S lf^(x;i < q(x), X e Z. 


For proving the converse, we first outline the existence 
of a fundamental neighbourhood system at the origin, consisting 
of norraal sets in X. To this end, let u denote as usual, 

jL 

a neighbourhood system at the origin consisting of barrels 

. CO 

in X and let v ; % x X X be a mapping defined by 


'^(Ujx) h tt^f (x )x j CL Q SL ) X G ji-m 
n>l ^ 

Ihe existence of is guarenteed by the fact that the base 
{Xn?fn> ^ is bounded multiplier. Using the Banach- 

Steinhaus theorem and the fact that the mappings 


defined by 


p(rO. 

a 


X 



oo 

% 


X , 


a . 


n 

X a.f.Cx)x. , 
i=l ^ ^ ^ 


(a fixed) 
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and. 

Jn) ^ 

(x fixed), 

i*“ 1 

ane continaous, one easily establishes the separate continuity 
of ¥ • Since X is a Frechet space, it follows by a result 
in P • 51 that '¥ is (jointly) continuous on a” x X# 

Ihus for each u e 0^, there exists v e and S > 0 

such that 


i*) 


w E w(e,T) = ¥(s ,v) 

6 


u. 


S being the closed unit ball in z with radius 6» Since 

O 


W(e,v) ={ xGt, ¥ n > 1} 


and Y cz W(G,-v), one finds that Vf(e,r) is a normal neigh- 
bourhood at the origin in X for each v G and G > 0, 

Let 

U = { 1 W(G,v): V G 0^, G > 0} , 


where "j denotes the balanced convex hull of a set in X. 
It is clear from (*) that U is a fundamental neighbourhood 
system at the origin, consisting of absolutely convex sets 
in X. Ihe fact that the members of U are normal, follows 
if we show that . I W(G ,v) coincides with its normal hull 
[2 i W(G ,v) 'J , Thus, if zG [[ l'w(G 1, then 


z 


2 a-f .(y)x 
D>1 ^ ^ 




<1, 3 > y G i¥(GV^}. 


But 



103 




N 


y = 2 § y. with 2 jp I < 1 ajad y.e ¥/(e,v). 


i=l 


i=l 


1 < i < Ih 


Therefore, 

N N 

2 = 2 a.( 2 P.^-i(yi))x. = 2 P.C 2 a.f.{y.)x.) 

3>1 3 i=i 1 3 1 D i=i ^ 3>1 3 D 1 3 

li 

= 2 p u 

i=l ^ ^ 

where u. = 2 a.f .(y. )x 4 G W(6,v), hy the normality of W. 

1 ^>1 3 3 1 3 

Hence 2 8 [ W(e , t ) so that 1 W(6 ,w) is normal. 


Thus we can suppose that the topology of 2 is gene- 
rated by the faiQily {P^* U 8 u } of (monotone) seminorms 
Py on X. Indeed, if for x 8 X, we let E(x,U) = 

{X > 0: X 8 XU} , then for x,y 8 X, with | f j_(x) | <| f^(y) | , 
i > 1, it follows that E(y,U) c E(x,U) so that Py(x) < p^Cy). 

Since X - X is continuous for some % 8 p(3H) 

and each a 8 x^, we get, corresponding to each U 8 d , 

A. 

some V 8 U such that 

Pg(5’a(x^)) iPyCx), ■'f X 8 X. 

How for each n 8 IN , we have 




Therefore, by the above argument, for each U 8 U 


i > 1. 

, we have 




¥ X 8 X and n > 1, 
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and this gives 

“P .<Py(==). Vxex. 

(Here a = Tt )* Making use of Proposition 4.2,7, we find 
that X-base in X and this completes 

the proof. 

We still have one more result before we state and prove 
the main theorem of this section. 

Proposition 4.4,3 : Suppose X is a sequentially complete 
l,c, [UVS equipped with a fully- x -base > where 

X satisfies the (K)-property , Then X is a nuclear space, 

(Here x need not be perfect). 

Proof ; By Proposition 4,3,1, X can be topologically 
identified with a(Hq), where P^={ {p(x 3 ^)a^}i p e p , 
a 0 X^}* Thus X is nuclear if and only if a(Pq) is 

nuclear (relative to its Kothe topology ). Since 
(x>n(x,x’')) is assumed to be nuclear, for each a 6 X, 

-r 

one can find be x^^? t > a such that I a^b^ < °=> 

+ “ n>l ^ 

( cf , Proposition 0.5,7), Consider an arbitrary p S p and 
a 6 X^. Then taking b=a and noting that the sequences 

'T 

{p(x^)an} and {p(x^)b^} belong to P^, it follows from the 
above mentioned result that a(Pq) is nuclear. 

Remark ; Note that the preceding proposition is true for any 
sequence space X c: j, whenever X is nuclear in its normal 
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X 

topology n(X,X ). Hov/ever, it turns out that the nuolearity 

of (x,n(x,x^) ' is not necessarily implied by the nuclearity 

of a sequentially complete l;c. TVS X possessing a fully- 

X-base» In fact any nuclear Frechet space with a basis would 

testify. It would, therefore, be interesting to discover 

1 

the class of sequence spaces ^ ^ Ji- for which the converse 
of the foregoing result fails to be true* 

We are now ready to pass on to the main result of this 
chapter, namely 

Iheorem 4.4*4 ; Let X be a sequence space satisfying the 
(K)-property* Ihen a Schauder base { } in a Frechet 

space X is a Q-fully X-base if and only if {f^; Jx^ } is 
a Q-fully X-base in (X*, p(X*,X)). 

Proof ; Assume first that > is a Q-fully x-base 

for X. Thus for some o e PCIOj ^^a(n)’ - 

X-base for X. By the foregoing result « X is a nuclear space 
and hence reflexive in virtue of Proposition 0.5,6, Applying 
Cook’s result, referred to earlier, we conclude that 

1 

is shrinking and boundedly complete. Also, since X c g, 
and { ^ semi-X-base, it follows that is 

absolute and hence a bounded multiplier base in X. An 
application of Proposition 4,4,2 yields the existence and 
continuity of the map for each a G x^ and some 

n G P (IN ). Thus by Proposition 4.4,1/ (2) ==> (1), we 
find that ^ Q-fully x-base for (X*,pCX*,X) ). 
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Conversely, there exists some er e P(IN } such that 

^^a(n)» ^^a(n)^ ^ fully-X-hase for (l*,p(X*,X) ) , Since 

(x*,p(x* ,X)) is ( seq.u.entiaily ) complete » .it is nuclear by 

proposition 4.4,3, so that X itself is nuclear by Proposition 

0.5,5. proceeding along the same lines of argument as in the 

necessity part, we find that X is reflexive and that the 

base } is shrinJdng and bounded multiplier. ipplying 

Proposition 4 ,4,1, (1) ==> (3), there follows the continuity 

of the map ^g^sX -*• X, a S v/here it is sou® permutation 

in P(3M), Finally, invoicing Proposition 4.4,2, we conclude 

that {x.^:f.^ } is a Q-fully x-base in X, Shis completes the 
21 n 

proof of the theorem. 

Remark ; in inspection of the preceding results of this 
section allows us to state the following variant of the 
foregoing theorem, 

Theorem 4,4.5 ; Assume that X satisfies the conditions of 
Theorem 4.4,4. Then a Schauder base s- T'rechet 

space X is a fully _x -base if and only if is a 

fully-X_base in (X*,p (X*,X) ) . 

hote ; De Grande-De Kimpe |~ 24 has obtained the same result 
for reflexive l.c, TVS X. 

Remark j Imitating the proofs of Propositions 4,4,1 through 
4 ,4 .3 and those of Theorems 4.4,4 and 4,4,5, we can prove the 
following result where Cx»n(x,x’^)) is replaced by (A(P),3'p). 
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Theorem 4,4«6 : Let A(P) be a Kothe space such that 

A(p) c £ and that (a(P), ‘J^) is nuclear, Purther, 
let X be a Pre’chet space possessing a Schauder base 
{x^jfn) . Then ^ is a fully-A (P)-base (resp. 

Q-fully A (P)-base) in X if and only if {f^jJx^^} is a 
f ally- A(P )-base (resp, Q-fully A(P)-base) in (X*,p(X*,X} j# 

Proof : The proof follows by modifying Proposition 4,3,1 
to the case when (x>ti(x,x^)) is replaced by (a(P), "3"p). 

As a special case of the foregoing theorem, we obtain 
the followijag result proved earlier in 

O orollary 4.4,7 : Let a be a nuclear exponent sequence of 
infinite type. Then a base ^ Prechet space X 

is a Q-fully A^(a) - base if and only if the dual base 
{fnJJx^ } is a Q-fully A^(a)-base in (X*,p (X*,X) ) . 

The last theorem of this section maXes use of the 
following results proved in 11321. p, 4 0 and 99 » Theorem 

4,4, respectively, 

(a): Let X be a sequence space such that p(X,X^) 
is compatible with <x,X^>. Then a Kothe space A(P) is 
nuclear if it is X-nuclear • 

(B): Let A = H i- he a nuclear Kothe space 
k>l a-^ 

such that A(P) is A-nuclear, 
nuclear and a fortiori nuclear. 


Then a(P) is strongly 
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We end up this chapter with 

- i.el: A(p; be such that (a) a(P) 

IS J-nuolear where (x,p(x,A'- );* = jx (bj A(p) is 

^-nuclear where A = n si . 

^ is a nuclear Kothe space. 

Iher a Schauder base in a Pre'ohet space 2 Is a 

A(P)-base If and chly it ,3 ^ 

(X*,p{z*,z)). 


E£2^ ! Ihe sir®le proof which mates use of Proposition 
4.4.3, is omitted. 



CHAPTER 5 


X -BASES Aira X- HUOLEARITY 

1, Introduction : It is well Imown tha'^ 'tiie tJieory of 

Schauder bases is particularly well adapted when applied 
to nuclear spaces - the veracity of this statement is amply 
testified by the outstanding work of several authors, 
notably by those of Bynin and Mityagin 33 ^ » Mityagin 
[^733 Wojtynski [] 124^ • ^Iso [[|50]]), to name 

only a few, (Por more historical remarks, see Chapter 1). 

The question as to v^hether the richness of Schauder bases 
in nuclear spaces can be preserved in the more general 
setting of X-nuclear spaces, forms the subject matter of 
this chapter. In fact, it is shovm that though there exists 
a partial analogue of the Bynin-Mityagin theorem in case of 
X-nuclear spaces, a natural analogue of the Pietsch’s 
theorem (on absolute bases in nuclear spaces) fails to hold 
in the context of X-pases and X_nuclear spaces (see Example 
5.2,4), This situation is demonstrated in Section 2 of this 
chapter, while Section 3 deals with the characterisation 

A 

of A(P? <j> )-nuclear spaces having a Schauder base. The. 
chapter concludes v/ith some consequences of this result, 

2. A(P )-- Bases And a(P )- Euclear Spaces : In this section we 
study the relationship between the x-bases and x -nuclear ity 
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of a space and then attempt to answer the questions motivated 
hy those kaown from the theory of Schauder bases in nuclear 
spaces. Shis study entails an investigation into the impact 
of X-nuclearity on the bases in a locally convex space and 
vice versa, lo be more precise in formulating t:ie problem 
and seeking its solution, we recall the following two results 
from the theory of (bases in) nuclear spaces, which reflect 
the impact of an absolute Schauder base (in a Prectet space) 
that it carries on the nuclear structure of the locally convex 
space in question, 

Theorem A (Dynin and Mityagin [[353 I Wojtynski 31243)? 

A Pre*chet space X with a Schauder base is nuclear if and 
only if each base in X is absolute. 

Theorem B (Pietsch 3 883 ) ? A Prechet space with an absolute 
base is nuclear if and only if is ^ 

absolute base in (X*,§ (X*,X) ), J being the natural 
(canonical) embedding from X into X**, 

In view of the terminology explained in Chapter 4, 
we note that in Theorems A and B above, the terms ’’absolute’* 

-J 

and ’ ’nuclear'* can be replaced by ’ ’fully- Ji -absolute’ ’ and 

± 

’*£. -nuclear’ ’ , respectively, Now the problem we are 

interested to formulate is simple. Indeed, we would like to 

know the class of sequence spaces X which could replace 
1 

the space a in the aforementioned two theorems. Insofar 
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as Theorem A is concerned, there exists only a partial 
analogue of this result in the present more general setting. 
The proof of this statement is contained in 


Theorem 5.2.1 : let A (P ) be a stable nuclear G^-space. 
Then every Schauder base ^ A(PJ-nuclear Prectet 

space X is a Q-fully A(P)-base, 

Proof : Since X is A(P)-nuclear, it is nuclear because 
-1 

A(P) cr £ , By Theorem A, is a fully- absolute base 

in X. Hence by £^89]]], p. 172, X can be topologically 
identified with a Kothe space A(P ) where P ={(pi(x )) : 
k > 1} - ^P^; 301} being a generating sequence of seminorms 
for the topology of X. Thus it suffices to show that 
{e ;e } , which is a Schauder base for A(Po.) [see the remarks 
preceding Proposition 0.4.43, is a Q-fully A(p)-base for 
A(P^). By the given hypothesis, i(?o^ A(p )-nuclear 

and, therefore, by a result in Proposition 4.9, there 

exists TC G p (IK ) such that for each k > 1, we can find 
m _> 3c satisfying 



To prove the required assertion, let k 2 1 and a G P be 
chosen arbitrarily. Then for y G A(P^), we have 


l<y 




(x 


:t(n)- 
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Hence 


n>lPm'^\(n) J ^ 


n>l 


■m n' 




where 


K - V 

^ n>l PH4(nH ^ < “. iy (*). 

Sauce the aboTe anaquality is satisfied for each ye A(P ), 

we are led to the assertion that f<y,e”(“)> g !fj’ ) 

for each ye A(p ) go that r ^ ° 

V so that {e ;e } xs a Q-fuliy ^(p)^ 

base for a(P ). 

^ o 

As a partial converse to the above theorem, we have 

She or em 5,2,2 • T,o+ v -u 

- ■ het Z be a sequentially complete l.c. xvs 

having a fully. A p being a G„-K5the set , ihen x 

Ae ''(P^stj-nuclear for each nuclear rathe space A (P ; of 
anoreasing tjpe such that a(E) is A(E„; ,).nuclear.° 

E£oof . *he result follows by applying Theorem 3.E.4 and 

Proposition 4.bra and its proof runs on lines parallel to 
those of Proposition 4,4,3, 

Combining Theorems 5.2.1 and 5.2.2, we obtain 

5.2.3 : let x be a Prechet space having a fully- 
A(P)-base. A(P) being a G„-spaoe which is A(P^).nuolear 

for some stable nuclear a -qpt p mv, 

eat ^^-setp^. every Schauder base 

in X is a Q-fully A(P^)^base. 
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As regards theorem B, it turns out that the same 
breaks down when i is replaced by a nuclear G^-space 
a(P)« ihis shows that there is a strong deviation from 
the classical theory of bases in nuclear spaces when one 
considers the corresponding situation of A-bases in 
A-nuclear spaces. Ihis aspect of the situation is demons- 
trated in the following counter-example. 

Example 5.2,4 j Let X = A(p), where P is a countable 

nuclear G_^-set so that X is a nuclear Frechet space. 

It is clear that {e^je^ } forms a Schauder base for X, 

The fact that {e^je^} is a f ully - a(P )-base for X, follows 
in view of the G^-character of P, which yields, corresponding 
to each a,b 8 P, some element c G P satisfying 1 

n >_ 1, Therefore, for each x G X, we have 


which leads to the inequality 


S 

n>_l 


l<x,e^>lp (e'^)b < Z 

^>1 



oo 


1 


so that {<x,e^>p^(e^) } g a(P) and, therefore, {e^;e^} 
is a fully-A(p )-'base for X. We now show that {e^;e^} 
forms a fully-A(p )-base for (X*,p(X*,X) ). To this end, 
let B be any bounded set in X = a(P), then by a result 
in 67 21 j ■fcbere exists y G X such that 


NJ < Uv,! f n > 1. 
xGB n , • n» 
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low for f G X*, we liave (cf • p- 965 and C 58^ , 

p. 60} f = {f(e^)} = {fj^} ) say and, therefore, the 

^ inequality 

Pg(e^)l<f,e^>l = sup 1 


is satisfied for each n > 1, Here c G P and p > 0 such 
that jf^j < pjCj^U n > 1. Thus if a G P, we get 


S 

n>_l 




<P2 

n>,l 



< 


where b G P is such that <. b^, n >_ 1, Since X is 

Prechet nuclear, it is reflexive by Proposition 0,5.6 and, 
therefore, (X*,p(X*,X)) is reflexive and a fortiori 
barrelled. low the above inequality suggests that (e ;e } 
is a seini-A(P )-basis in (X*,p(X*,X)) so that it is also a 
f ully-A(P )-basis, by virtue of Proposition 4, 2. 6(a), (Ihe 
fact that {e^;e^} is a f ully-A(P )-base for 2^ also 
follows as a direct consequence of Theorem 4 ,4 ,6 ) , Ho7i/ever, 
by Proposition 3,2,4, the space X cannot be a(P )- nuclear 1 


3 • So hand er Bases In A (p; (j) )- luclear Spaces : It is well 
known (see [][40]]j also [^523) that 

an l,c. TVS X with an equicontinuous base is nuclear 

if and only if for each p G P , there exists q G P , 
q > p such that 
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n>l 


P(x^) 


oo 



0 ). 


Ihe above result is easily seen to be equivalent 
to the 'absolute basis theorem* of fynin and Mityagin 33 3 
which states that each equicontinuous base in a nuclear 
space is absolute* As against the partial truth of the 
theorem of Dynin and Mityagin and the falsity of the 
theorem of Pietsch in x-nuclear spaces (see the preceding 
section), we show below that the above cited equivalence 
can be retained in case of x-nuclearity associated with 
the sequence space x= where P^ is a nuclear 

Kothe set of infinite type , In what follows, the symbol 
P^ will denote a Kothe set of this type,, unless stated 
otherv/ise. Before vm come to the main result of this section, 
let us make the following observation in the form of 

Remai‘k 5.3.1 : If P^ is a nuclear G -set and is a 

function as defined in Section 3 of Chapter 0_, then it 
follows that e a(P^; (j,) whenever xC iCP^jcj)). 

Indeed, using the nuclearity of a(Rq), there exists k > 1 
and b G P^ such that n < kb_, n > 1, Also for a G P , 

there exists c S P^ such that n > 1. Ihus, 

if a G P^, we get 

S ^(Inxl)a < I n(i,(jxl)a <k Z HlxJjc <°o 
n>l n>l ^ ^ n>l “ ^ 

==> {nx^lG A(P^|({>). 
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llie main result of this section is contained in 

theorem 5.3,2 ; An l.c, INS X equipped with an equicon- 
tinuous base is a(Pq; (ji)-nuclear if and only if 

to each p G I? , there correspond q G and an injection 
M with 7 t :(31 ) = {n G BI ; p(x^) ^ 0 } such that 



Pnoof ( I^ecessity ) ; Since X is A (P^; <>)-nuclear, it is 
nuclear and a fortiori a Schwartz space. Hence from []115]]Jr 
p . 8, we get for each p G p , some q^ G V » >, P 

such that 


(i) 


P(x^) 

q^T^ 


Set 

p*(x) = sup { |f (x)|p(x ) } , X 6 X. 
n>l 

Then the equicont inuity of { x^|f^ } yields the continuity 
of p* on X, Hence, using Theorem 2.3,4, we get 42 6 ^ 
such that 


( ii ) !> ^ 

by the remark preceding this theorem 
Also, there exists Ig 0 ^ 


• Here u 
such that 


g^^={xGX;q^(x)<l}. 
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(ill) < q,(x), ¥ X e X, 


Ihus if q(x) = 


and (iii) lead to 


“ax{q^(x), ^^(x), q^Cx)}, then (i), (n) 


PC^n) 




P*(x) < q(x), ¥ X e X. 


Define 


% = { 


p(%) 

ir^ , q(x„) / 0 ; 


, otherwise . 


Since - 0, there exists an Injection x:®- 
it(m) = in 0 B: p(x J ^ 0 } and 


TO with 


‘^(ni) 1 \(n) » whenever min. 


Suppose 


®P ‘^ti( 1 )’^u( 2) ^x(ir.)> • 


Clearly dim Lg^- 


^ ® Vm) (“b* n LJ 


"=4"u(l)WVi) 


and, therefore , 


i 
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m 


-1 ^ 

“ “7i:(m) j:^^l^7i(i)^^^lp(^7i(i)) 

- ^Zim) ^ O^n^x)lp(x^) } 


= m 


-1 


\{ m ) P*(^^ < ^ 




X e m u 


a 


' 7 i:(in) 

m 


( u n LJ c u . 


P" m' q' 

Therefore, applying Theorem 0,6.12, we get 

> %(ni) » m > 1 . 

Thus from (2), we obtaiJi { } e a(Pq;$) 


==> g \(v -i) 


( ^ . I . icj-ency ) : Suppose that (*) holds for a given p e P , 
some q. e P and an injection 7 t:IN'-* M , 

Define 


g^Cx) = p(x^) fj^Cx), X e X 


and 


n 


- sup {lg^(x)[; q*(x) < 1} , n > 1. 


iow, for 


X G Z with q*(x ) _< 1, we have 
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=> sup {jf^(x)|: q.(^) < IJ < _1 ^ lfn>l 


==> P(x^) sup {lfj,(x)|!q.(x) < 1) < , 


¥ n > 1 


21 ■ 


==> c_,„> < 


» ¥ n > 1 , 

Iherefore, by the hypothesis, we get { } g A(p^;»). 


If for X e X, we set 


then from 


we get 


gn(^) 


ijx) = { 


^n ' “ ’n 


if 0 


0 


, otherwise , 


" n>l ® ^ 


hn(==)lp(x^; 


n>l 


- I, ISn(^)l = i5n<^.in>l 


n>l 


n>l 


! 4 (n)<^»g 7 t(n)>! » X e X. 

Since |gji(x)j/^ < q_*(x), for each x e X and n > 1 , 

it follows that the sequence f ^ i c y* t r, 

I X IS equicontinuous ^ 

and, therefore, invoking Iheorem 2.3.4, the Uv 

. ^ ACfoJ<;>)--nuclearity 

01 X is established, Thlc- or.-mrAi 4- -i., 

inis completes the proof. 
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We now apply the foregoing result to obtain new 

A 

information on the A 4))-nuclearity of a locally convex 
space* She first such application furnishes an alternative 
proof of the Grottendieck-Pietsch-Kothe criterion for the 

A. 

A(p^; (|))-nuclearity of a KSthe sequence space, proved earlier 
in Chapter 3, where P^ is tahen to be a nuclear Eothe set 
of increasing type (and not a G^-set). 

theorem 5. 3,3 : A Kothe sequence space A(P) is aCP^JcJ))- 

nuclear if and only if to each a G P, there correspond 
b G P, b _> u smd an injection 7t: IN' IN with •n:(3E ) = 

{n G IN : ^ 0 } such that 



G A (P Qf ^ ) • 


Proof : The natural topology on A(P) is generated 

by the family {ps aGP} of seminorms p on A(P), 

3, “ Ql 

where p is defined by 

2l 

PoCx) = I [x [a.^, X G a(P). 
n>l ^ ^ 


It is easy to see that {e^;e^} forms an equicontinuous 


Schauder base in a(P). Indeed, for each x G A(P) and 
aGP, we have the inequality 


su-P { le^(x)|p (e"")} = sup jx a | < p (x) 
n>l O' n>l ^ ^ O' 




which yields the equicontinuity of the base {e^;e^} • 


Also since 
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\(n) 


, ¥ n > 1 , 

tile result follows immediately from theorem 5.3.2, 


file proof of the following result runs on the lines 
similar to those of the preceding theorem* 


Theorem 5,3,4 ; A sequence space (xt X) equipped with a 

A 

normal topology ^5 is ^(PqI <^)--nuclear if and only if for 
each s 8 S , there exist s* G 5 and an injection 
71:111 “►IN with 7 i(IN)= {nG IN’: I^xG s with x^ ^ 0} 
such that 


{ 


sup 

xGs 


sup 

yGs’ 


I ^1(11)1 


G 




If S is taxen to consist of normal covers of singletons 
a G in X , we get from the above result the following 

theorem which generalizes an earlier result of Kamthan and 

Gupta Css:], p, 288 where a similar result is proved for the 
nuclearity of (x,n(x,.x’^ )). 


Th^^ 5.3.5 : A sequence space (x,n(x,x")) is A(P^;^)- 
nuclear if and only if to each a G xj, there correspond 
b G x^ and an injection 7t:IN - ® with 7t(nE ) = {n G IN : 


0 } such that 
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xhe following proposition provides an alternative proof 
of the »Dynin-Mityagin» theorem for bases in A(P )-niiclear 
spaces proved earlier in this chapter via the assumption 
that X is a Prechet space and that A(P) is stable. It 
turns out that these conditions on X and A(P) can be 
dispensed with. More precisely, we have 


Proposition 5.3,6 j Every equicontinuous Schauder base in a 
A (I’Q)-3iUQlear space X is a Q-fully A(p^)-base. 

Proof : The given condition together with Theorem 5.3,2 

suggest that for each p 6 U , there exist q e P and an 
injection tc:I 1T HI with 7 t(IN ) = { n e IN: p(x ) 5 ^ 0 } 
such that 




A(Po) 


= “n « > 1 . 


where 


QC 6 

L 

n>l 


A(Pq). Eow, for x e X and a 6 P^, we have 



a a 
n n' 


¥xex, 

where < <», The above inequality suggests 

that { is a Q-fully A(PQ)-base in X and this 

completes the proof. 
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Tile final result of tills chapter which is an injiroveiiient 
upon Theorem 5 *2 .2 of the preceding section, is contained in 

Proposition 5,3.7 : Let P be a Kothe set of increasing 
type. An l.c. TVS 2 having a Q-fully A(P)-base > 

is A (P^ I <j))-nuclear whenever A(P} is A (P^jcj. )-nuclear . 

Proof : Since A (P) is assumed to be A (P^; ,j)-.nuclear, 
invoJdLng the proof of Theorem 3.2.4, we get an a 6 P with 
{l/ani 6 a(Pj^j<^), Now, for any p e there exist 

q e and some permutation % e P (3N ) such that 





By (*) and the increasing character of P, it follows that 
{x^;fn> is an eluicontinuous base in 1, The last two 
conditions together with Theorem 5.3.2 imply that X is 
A(P ^5 4 ))-nuclear and this completes the proof. 
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In view of ' the observation preceding theorem 2.3.9, 
it follows that if p ig tafeen to be a nuclear G -set 
and that <l> satisfies the condition (A), then all the 
results involving A(P; <^)-nuclearity, established in the 
previous chapters remain valid if A (Pj^ }— nuclear ity is 
replaced by A (P; <,)_nuclearity. This follows from a result 
of HelimarMca ^ , p» 30, which says that under these 
conditions on P and ^ , the two notions of A— nuclear ity 
and A-nuclearity coincide. 
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